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We review and slightly improve the known k-polysymplectic Marsden-Weinstein reduction
theory by removing some technical conditions on k-polysymplectic momentum maps by
developing a theory of affine Lie group actions for k-polysymplectic momentum maps,
removing the necessity of their co-adjoint equivariance. Then, we focus on the analysis
of a particular case of k-polysymplectic manifolds, the so-called fibred ones, and we
study their k-polysymplectic Marsden-Weinstein reductions. Previous results allow us to
devise a k-polycosymplectic Marsden-Weinstein reduction theory, which represents one of
our main results. Our findings are applied to study coupled vibrating strings and, more
generally, k-polycosymplectic Hamiltonian systems with field symmetries. We show that k-
polycosymplectic geometry can be understood as a particular type of k-polysymplectic
geometry. Finally, a k-cosymplectic to ¢-cosymplectic geometric reduction theory is
presented, which reduces, geometrically, the space-time variables in a k-cosymplectic
framework. An application of this latter result to a vibrating membrane with symmetries

is given.
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1. Introduction

The problem of the reduction of systems with symmetry has attracted for decades the interest of mathematicians and
theoretical physicists, who have sought to reduce the number of equations describing the behaviour of the systems by
finding first-integrals or conservation laws [54,59].

The general procedure of the symplectic reduction can be traced back to E. Cartan, and it goes as follows (see [1, pg.
298] or [54,59] and references therein):

“Suppose that P is a manifold and w is a closed two-form on P; let kerw = {v € TP | 1, @ = 0} be the characteristic
distribution of w and call w regular if kerw is a subbundle of TP. In the regular case, kerw is an involutive distribution.
By the Frobenius theorem, ker w is integrable and it defines a foliation F on P. This gives rise to a quotient space P/F
by identification of all points on the same leaf of F. Assume now that P/ is a manifold, the canonical projection
x € P+ [x] € P/F being a submersion. Then, the tangent space at a point [x] is isomorphic to TxP/kerwy and w
projects onto a well-defined closed, nondegenerate two-form on P/F; that is, P/F is a symplectic manifold: a so-called
reduced space.”

The use of geometrical methods has proved to be a powerful tool in the study of this topic and a breakthrough was
performed by Marsden and Weinstein in their work on the reduction of autonomous Hamiltonian systems on symplectic
manifolds under the action of a Lie group of symmetries, with regular values of their momentum maps [53]. Just before
that work, Meyer obtained some similar findings [56], but not as detailed and sound as Weinstein and Marsden’s ones [54].
In a more general context, all their results were indeed the culmination of many other previous achievements by Smale,
Sternberg, Kostant, Robbin, and many others, who gave partial but relevant approaches to the reduction procedure (see
[54]). In their famous work [53], Marsden and Weinstein apply a very powerful version of the previous reduction scheme
to the case of submanifolds defined by the level sets of an equivariant momentum mapping J® : P — g* for a certain Lie
group action on the dual g* of a Lie algebra g and a Hamiltonian action on a symplectic manifold P leaving invariant a
certain function on P: the Hamiltonian. The so-obtained reduced space is a symplectic manifold and inherits a Hamiltonian
dynamics from the initial Hamiltonian.

After Marsden and Weinstein’s work, the Marsden-Weinstein reduction technique was subsequently applied and gen-
eralised to many different situations. For instance, the reduction of Hamiltonian systems with singular values of the
momentum map has been studied in several papers such as [65] for the autonomous case. In that work, stratified re-
duced manifolds admitting symplectic structures are obtained. The so-called orbifolds can also appear as Marsden-Weinstein
reductions, which have motivated a separate research topic with physical and mathematical applications [33,39,45]. The re-
duction of time-dependent regular Hamiltonian systems (with regular values) is developed in the framework of cosymplectic
manifolds in [2,18], obtaining a reduced phase space that is a cosymplectic manifold. The study of autonomous systems com-
ing from certain kinds of singular Lagrangians can be found in [13], where the conditions for the reduced phase space to
inherit an almost-tangent structure are given. Another approach to this question is adopted in [51], where the authors give
conditions for the existence of a regular Lagrangian function in the reduced phase space, which allows them to construct
the reduced cosymplectic or contact structure (and hence the reduced Hamiltonian function) from it.

It is worth noting that there have been many generalisations of the Marsden-Weinstein reduction to deal with many
types of geometric structures. The Marsden-Weinstein reduction was extended by Marsden and Ratiu to Poisson manifolds
in [52], the case of locally conformally symplectic manifolds was developed in [38], while the reduction of Dirac structures
was solved and further analysed in several papers [11,12,16]. On the other hand, the Marsden-Weinstein reduction of Jacobi
manifolds is analysed in [40].

After almost fifty years of their foundational work [53], the development of Marsden-Weinstein reductions for different
types of geometries and schemes of reduction is a very active research field as results can be extended to many geometric
structures, it admits many modifications and generalisations, e.g. for the so-called singular cases [18,41], and it has lots
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Fig. 1. Scheme of the different structures involved in the k-polycosymplectic reduction through k-polysymplectic fibred manifolds. It is worth noting that
k-polysymplectic manifolds in the above diagram admit a series of vector fields satisfying properties extending the ones for Reeb vector fields in k-
polycosymplectic geometry.

of applications as illustrated by the many works constantly using them [5,9,33,39,45,64,66]. It is worth noting that the
development of a multisymplectic Marsden-Weinstein reduction has been an open problem for decades now [29], and
there is a lot of interest in developing even partial results [7].

Geometric covariant descriptions of first-order classical field theories can be performed by appropriate generalisations of
some of the above-mentioned structures. The simplest one is k-symplectic geometry, introduced by A. Awane [3,4] and used
later by M. de Ledn et al. [20-22], and L. K. Norris [55,58] to describe first-order classical field theories. They coincide with
the polysymplectic structures described by G. C. Giinther [37] (although these last ones are different from those introduced
by G. Sardanashvily et al. [31,63] and . V. Kanatchikov [42], that are also called polysymplectic). This structure is applied
to first-order regular autonomous field theories [10,28,62]. A natural extension of the above structures are k-cosymplectic
manifolds, which allow us to generalise the cosymplectic description of non-autonomous mechanical systems [1] to regular
field theories whose Lagrangian and/or Hamiltonian functions, in the local description, depend on the space-time coordinates
[23,24]. We refer to [25,34,57] for more details on the k-symplectic and k-cosymplectic formalisms. In [60], the relationships
that exist between k-symplectic, k-cosymplectic and multisymplectic structures are established.

The present work is part of an ambitious research project in which we want to develop the Marsden-Weinstein multi-
symplectic reduction. In this paper, we are focused on the extension of the Marsden-Weinstein reduction theory to the case
of k-polycosymplectic manifolds [5,25]. The search for a k-polycosymplectic reduction can be traced back to [8], where a
particular case was studied. Next, some ideas of how a k-polycosymplectic reduction should be were pointed out in [49], but
no proofs were given. Some of the ideas in [49] gave rise to [50], where no k-polycosymplectic reduction was studied, and
[51], where the k-polysymplectic reduction was fully described instead. An initial approach to k-polysymplectic reduction
was made in the seminal work of Giinther [37], where the author attempts to reply to the Marsden-Weinstein reduction
theory for symplectic manifolds to the k-polysymplectic case. Nevertheless, the proof of one of the fundamental results
fails to be true as a consequence of the technical properties of the orthogonal k-polysymplectic complement. In [51] this
problem was solved. It is worth noting that [51] provided new relevant ideas and solutions that were not depicted in [49]
so as to develop a Marsden-Weinstein k-polysymplectic reduction. Nowadays, more than a decade after [49], the Marsden-
Weinstein k-polycosymplectic reduction is still to be developed. Achieving this reduction and studying its properties and
applications is the main aim of this work, which has been drawing some attention until the present day.

This work will show how some of the ideas of [49], along with other ones in [51] and new others to be disclosed here-
after, allow for devising a k-polycosymplectic Marsden-Weinstein reduction. In particular, a k-polycosymplectic manifold
will be associated with a k-polysymplectic manifold of a larger dimension and a specific type, a so-called k-polysymplectic
fibred manifold, to be defined and studied in this work for the first time. In particular, k-polysymplectic fibred manifolds
admit, among other properties, the hereafter referred to as k-polysymplectic Reeb vector fields. A slight generalisation of
the k-polysymplectic Marsden-Weinstein reduction developed in [51] will be applied to k-polysymplectic fibred mani-
folds obtained from k-polycosymplectic manifolds to obtain reduced k-polysymplectic fibred manifolds. The latter will
be related to k-polycosymplectic manifolds that will be identified with the Marsden-Weinstein reductions of the initial
k-polycosymplectic manifolds. In particular, the general scheme for our k-polycosymplectic reduction to be explained in
detail in this paper is displayed in Fig. 1. It is worth noting that k-polysymplectic manifolds and k-polycosymplectic
manifolds, in the way defined in this work, do not need to admit Darboux coordinates [61], which makes many proofs
of our paper more technical and complicated than other generalisations of the Marsden-Weinstein symplectic reduction.
Most main results describing our k-polycosymplectic Marsden-Weinstein reduction are described in Section 6, while The-
orem 6.13 is one of the most important results concerning this topic. Note that Theorem 6.14 describes the reduction of
Hamiltonian k-polycosymplectic vector fields, which is related to the HDW (Hamilton-De Donder-Weyl) equations for the
k-polycosymplectic formalism.

As a byproduct of our work, the k-polysymplectic reduction theory in [51] is improved by removing some unnecessary
technical conditions imposed there, namely the Ad**-invariance of the momentum map and other minor aspects concerning
the existence of a quotient manifold structure in the quotients spaces appearing in the k-polysymplectic Marsden-Weinstein
reduction. This is mainly performed by generalising the standard theory of affine Lie group actions for the symplectic
case (see [59]) to the k-polycosymplectic and k-polysymplectic realms. Our techniques also generalise the known relations
between cosymplectic and symplectic manifolds and their reductions [18].

3
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Also as a byproduct of our results, we obtain in Theorem 6.7 that k-polycosymplectic geometry is a particular case of
k-polysymplectic geometry when the k-polysymplectic manifolds admit a certain fibration. Such k-polysymplectic manifolds
are here called k-polysymplectic fibred manifolds. Note that this result is very relevant, as it shows that k-polycosymplectic
geometry is a particular case of k-polysymplectic geometry and it allows us to use the techniques of k-polysymplectic ge-
ometry to study k-polycosymplectic manifolds. In fact, this result is employed here to devise a k-polycosymplectic reduction
from a k-polysymplectic fibred one.

It is convenient to stress that Theorem 6.7 connects a k-polycosymplectic structure on M with a k-polysymplectic struc-
ture on R¥ x M. The larger dimension of the k-polysymplectic manifold may lead to certain complications. For example,
Section 6.3 shows that Hamiltonian k-vector fields in the k-polycosymplectic realm are related to k-polysymplectic Hamilto-
nian k-vector fields with different equilibrium points, which may potentially introduce difficulties to study certain problems.
For instance, [27] shows that the extension from cosymplectic Hamiltonian vector fields with equilibrium points may lead to
Hamiltonian vector fields in the associated symplectic manifolds without them, which gives rise to problems, for instance,
in the study of relative equilibrium points [27]. Briefly speaking, these extensions techniques are interesting for studying
geometric structures in terms of others, but their interest is quite restricted for analysing associated dynamical systems.

Finally, a Marsden-Weinstein k-cosymplectic to £-cosymplectic reduction is presented. This reduction can be employed
to reduce geometrically k-cosymplectic manifolds using k-cosymplectic Lie group symmetries that do not leave invariant the
coordinates of the base manifold. As far as we know, this approach is pioneering in the literature and radically different from
previous geometric results. The corresponding reduction of the HDW equations from a k-cosymplectic to an £-cosymplectic
reduction is accomplished provided some technical conditions are satisfied. An application of our findings to a vibrating
membrane is accomplished. The procedure is developed in such a way that a momentum map relative to a k-cosymplectic
Lie group action for an original k-cosymplectic manifold allows for the reduction of the resulting ¢-cosymplectic manifold
by our previous £-polycosymplectic Marsden-Weinstein reduction. An analogue result for HDW equations is devised.

Apart from the previous theoretical results, some applications of our findings to two coupled vibrating strings, a partic-
ular sort of vibrating membrane, and field theories with symmetries are accomplished.

The structure of the paper goes as follows. Section 2 introduces some basic notions from cosymplectic geometry. In
particular, it presents three distinguished vector fields related to a smooth function on a cosymplectic manifold and set
conventions to be used hereafter. Section 3 recalls the main results from the theory of non-Ad*-equivariant momentum
maps on cosymplectic manifolds and presents a generalisation of the Marsden-Weinstein reduction theorem to the cosym-
plectic setting. At the end of this section, the classical Marsden-Weinstein reduction is used to obtain a cosymplectic
reduced manifold, this very slightly generalises a result in [18], while provides a very simple example about some of the
ideas to be generalised in our main theorems. Section 4 defines and presents all crucial properties of k-polysymplectic
and k-polycosymplectic manifolds. This section finishes with an example of a vibrating membrane subject to an external
force, where the k-polycosymplectic setting applies. Section 5 generalises the notion of the k-polysymplectic momentum
map by omitting the Ad*k—equivariant condition, and as a byproduct, it also generalises the known k-polysymplectic re-
duction theorem for non—Ad*"-equivariant k-polysymplectic momentum maps. Section 6 is divided into three subsections.
k-Polycosymplectic momentum maps with and without Ad*k—equivariance are defined in Sections 6.1 and 6.2, respectively.
Section 6.3 performs a k-polycosymplectic reduction via an extended k-polysymplectic manifold and a k-polysymplectic re-
duction theorem. It also discusses the conditions essential to execute the reduction and comments on how these conditions
recover via the approach presented in [51]. Section 7 demonstrates a k-polycosymplectic reduction in action on the examples
of a product of cosymplectic manifolds and on a system consisting of two coupled vibrating strings. Finally, Section 8 stud-
ies Marsden-Weinstein reductions of k-cosymplectic to £-cosymplectic manifolds and other associated ¢-polycosymplectic
reductions. Section 8 also analyses the associated reduction of HDW equations and it provides an example illustrating our
techniques.

2. Cosymplectic geometry

Let us survey the basic notions and results on cosymplectic geometry and related concepts to be used in this work (see
[27,47,48] for details). This will serve as a simple illustrative example of our further methods. M is hereafter assumed to be
a manifold. Throughout the paper, all structures are assumed to be smooth and globally defined, unless otherwise stated.
Manifolds are second-countable, Hausdorff, and connected. The sum over crossed repeated indices is understood unless
indexes are hatted. Indexes have a standard range of values, which are implicitly assumed. In case a sum over an index
is carried out over a non-standard range of values, a explanatory summation symbol will be explicitly written. This will
mainly occur in Section 8.

Definition 2.1. Let M be a manifold equipped with a closed differential two-form @ € ©?(M) and a non-vanishing differen-
tial one-form t € Q! (M) such that ker t & kerw = TM. Then, (M, T, ) is called a cosymplectic manifold.

Given a point x € M, the cosymplectic orthogonal of a subspace Vy C TyM with respect to the cosymplectic manifold
(M, 7, w) is defined by

Vxl"’ ={zx € TyM | wx(zx, vx) =0, Yvy € Vi}.
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Note that (M, 7, w) is a cosymplectic manifold if and only if M is a (2n + 1)-dimensional manifold such that " A T is
a volume form on M. Hence, cosymplectic manifolds are always orientable and odd-dimensional. Physically, cosymplectic
manifolds appear in the description of t-dependent mechanical systems [2].

The Darboux theorem for cosymplectic manifolds [2,17,32,46] states that, given a cosymplectic manifold (M, 7, ®), each
x € M admits a local coordinate system {t,q',...,q", p1,..., ps} on an open neighbourhood of x so that

T =dt, w:dindpi.
Such local coordinates are called cosymplectic Darboux coordinates, although we will simply call them Darboux coordinates if
it is clear from the context what we mean. Note that Darboux coordinates are not unique.
Every cosymplectic manifold (M, t,w) gives rise to a unique vector field R € X(M), called the Reeb vector field of
(M, T, w), characterised by
I(rT =1, traw=0.

In cosymplectic Darboux coordinates, the Reeb vector field reads R = 9/dt.

Definition 2.2. A cosymplectomorphism is a map ¢ : M1 — M between cosymplectic manifolds (M1, t1, w1) and (M2, T2, w2)
so that ¢*1, =11 and ¢p*wy = ws.

A cosymplectic manifold (M, 7, ®) leads to a vector bundle isomorphism b: TM — T*M given by

Vx € TyM —> 1y, wx + (Ly, Tx)Tx €TEM, Vxe M. (21)

Moreover, given closed differential forms 7 € Q'(M) and @ € Q2(M), if the map b : TM — T*M of the form (2.1) is a vector
bundle isomorphism, then 7 and w give rise to a cosymplectic manifold (M, 7, w).

From now on, (M, t,w) will always stand for a cosymplectic manifold. In cosymplectic geometry, every function f €
%°°(M) allows one to define three distinguished types of vector fields given in the following definition.

Definition 2.3. Every function f € €°°(M) gives rise, via (M, T, w), to three relevant vector fields on M:

e A gradient vector field, namely

Vf=b"'df), (2.2a)

which amounts to tyfw =df — (Rf)T and tyy T =Rf.
o A Hamiltonian vector field, X ¢, given by

Xp=b"1df — (RAT), (2.2b)

which is equivalent to Ix; 0= df — (Rf)T and tx; T=0.
e An evolution vector field

Ef =R+ Xy, (2.2c)

which is the unique vector field on M satisfying the conditions lgpw = df — (Rf)t and g, T=1

In Darboux coordinates for (M, T, w) around a point x € M, the vector fields (2.2a), (2.2b), and (2.2c) read

Vf_3f8+af3 af 8 o _0f 8 _af
B I~ %piog ~ aq op;’

and
a af o af o
Ef=—+—r5————.
ot~ dp; 9q"  9q' dp;
These local expressions are quite convenient to understand, quickly, several results. The integral curves of E are given, in
Darboux coordinates, by the solutions of
dt dgt  af dp; af
—=1, —=—(t,q,p), — =——(t,q,p), i=1,...,n, 23
s s Bpi( q.p) s 8q,( q.p) (2.3)
where (t, q, p) stands for (t,ql,...,q",pl,...,pn).
Let N be a one-dimensional manifold and let (P, wp) be a symplectic manifold. Let us define a cosymplectic manifold
on M =N x P and its related Hamilton equations. Let 7y : M — N and let tp : M — P be the projections onto the first

5



J. de Lucas, X. Rivas, S. Vilarifio et al. Journal of Geometry and Physics 191 (2023) 104899

and second factors of N x P, respectively. Then, w = wywp becomes a closed differential two-form on M. Meanwhile, a
non-vanishing closed differential one-form Ty on N gives rise to a non-vanishing closed differential one-form 7 = mjTn
on M and a cosymplectic manifold (M, T, w). If not otherwise stated, Darboux coordinates on (N x P, t,w) will be as-
sumed to be of the form {t, q‘, ...»q", p1,..., Pn}, where t is the pull-back to N x P of a primitive function of ty, while
q',...,q", p1,..., pn are the pull-backs to M of some Darboux coordinates for wp on P. For simplicity, it is common in the
literature to denote the pull-backs of functions on N and P to M = N x P in the same manner as the initial variables in N
and P. Although this is a slight abuse of notation, it does not lead to any misunderstanding and simplifies the presentation
of results.
fFM=RxT*Q, g =dt, wr+q = dg' A dp;, then equations (2.3) lead to

dg'  9f dpi af .
— =_—(t,9,p), ——=——=(t,q,p). =1,...,n. 2.4
ar ap,-( q.p) ar E)q,( q.p) i n (2.4)

Hence, (2.4) retrieves the Hamilton equations for a t-dependent Hamiltonian system on T*Q (see [1,26,27]).

Proposition 2.4. The gradient vector field of f € €°°(M) relative to (M, T, w) reads V f = Xy + (Rf)R. Moreover, if Rf is a locally
constant function, then [R, X¢] = 0.

Every cosymplectic manifold (M, T, @) yields a Poisson bracket {-, -}; o: € (M) x € (M) — € (M) given by

{f.8ro=0(Vf,Ve) =X, Xg), Vf,geC>M),

where the last equality results from Proposition 2.4 and (g w = 0. It can be proved that

X(fglew=—1X5. Xgl,  Vf,g€€®(M).

Then, the space of Hamiltonian vector fields relative to a cosymplectic manifold (M, 7, w), let us say Ham(M, t, w), is a Lie
algebra relative to the commutator of vector fields. Since ¥°°(M) is, in particular, a Lie algebra relative to {-,-}; , there
exists a Lie algebra homomorphism f € €°°(M) — —Xy e Ham(M, 7, w).

3. Cosymplectic Marsden-Weinstein reduction

This section aims to introduce the notions and results needed to present the cosymplectic Marsden-Weinstein reduction
[2,27] and to analyse its relation with the standard symplectic Marsden-Weinstein one. The ideas given in this section will
be generalised in forthcoming sections, with the help of other new techniques, to devise a k-polycosymplectic reduction
theory. Moreover, we here slightly generalise known facts on the relation of the cosymplectic and the symplectic Marsden-
Weinstein reductions by removing unnecessary technical conditions used in the previous literature [18].

3.1. Momentum maps and cosymplectic reductions

Definition 3.1. A cosymplectic Lie group action relative to (M, T, w) is a Lie group action ®: G x M — M such that, for every
g €G, the map ®g: xe M~ ®(g,x) € M is a cosymplectomorphism.

As M is assumed to be connected, ®: G x M — M is a cosymplectic Lie group action for (M, t, w) if, and only if,

Lyt =0, Leyw =0, Véeg,

where &y is the fundamental vector field of ® related to & € g, namely

Em(x) = 4 P (exp(sé), x), Vxe M.
ds|s_g
Since dz =0, the condition %%, 7 =0 implies that (g, T takes a constant, not necessarily zero, value on M. This apparently
minor detail has relevant applications in the reduction of cosymplectic manifolds to symplectic manifolds and their applica-
tions to circular restricted three-body problems (cf. [2,27]). As shown in Section 8, the fact that iz, T may not be zero will
play a relevant role in the description of radically new types of Marsden-Weinstein reductions.

Definition 3.2. Consider a cosymplectic Lie group action ®: G x M — M relative to (M, T, ) such that (g, T =0 for every
& e g. A cosymplectic momentum map for the Lie group action ® is a map J®: M — g* such that

yo=d(J® &) =dJs, RJs=0, Vieg.



J. de Lucas, X. Rivas, S. Vilarifio et al. Journal of Geometry and Physics 191 (2023) 104899

Instead of the term “cosymplectic momentum map”, we will frequently use the term “momentum map” when it is clear
from the context what we mean. The condition R J: =0, for every & € g, is required to apply the cosymplectic reduction
theorem to be introduced afterwards in this section. This condition is not too restrictive, as many relevant non-autonomous
Hamiltonian systems satisfy it [27]. It is worth noting that only cosymplectic Lie group actions whose fundamental vector
fields are Hamiltonian admit cosymplectic momentum maps.

Before continuing our exposition on cosymplectic geometry, it is appropriate to recall that every Lie group action & :
G x M — M amounts to a Lie group whose elements are the diffeomorphisms ®; : M > m— ®(g,m) € M for every g € G.
Moreover, every Lie group G acts on itself by inner automorphisms, namely G gives rise to a Lie group action I : (g, h) €
G x G+ Ig(h) = ghg~' € G, whose mappings I, :h € G I(g, h) € G, with g € G, are called inner automorphisms. This leads
to the adjoint action of G on its Lie algebra g, which takes the form Ad: (g, v) € G x g Adg(v) =Telg(v) € g. In turn, the
adjoint action gives rise to the co-adjoint action Ad*: (g,9) € G x g* Ad;,1 ¥ =¥ o Adg1 € g*. It is worth stressing that,
according to our notation, (Ad*)g = Ad;,l.

Hereafter, a cosymplectic manifold (M, T, w) will be sometimes denoted by M? to shorten the notation.

Definition 3.3. The triple (M%, h,J®) is called a G-invariant cosymplectic Hamiltonian system relative to (M, w, T) when @ is a
cosymplectic Lie group action such that d)"gh =h for every g € G, and J® : M — g* is a cosymplectic momentum map related
to ®. An Ad*-equivariant G-invariant cosymplectic Hamiltonian system is a G-invariant cosymplectic Hamiltonian system with
an Ad*-equivariant momentum map, namely J® o by = Adz,1 oJ? for every g €G.

The following technical result, which is well-known [1], will be of interest.
Lemma34.If®:G x M — M is a Lie group action, then (Adg* S)M = &g,y foreveryge Gand& e g.

In Marsden-Weinstein reductions, the role played by the co-adjoint action can be substituted by means of a new action
on g* (see [27,59]), whose form is justified by means of the following propositions and results.

Proposition 3.5. Let (M, h,J®) be a G-invariant cosymplectic Hamiltonian system. Define the functions Vg e € € (M) of the form

Vge=Jeo®g—Jna ¢, VEEG, VEeg.

Then, ¢ ¢ is constant on M for every g € G and & € g. Moreover, the mapping o : G > g — o0 (g) € g* determined by (0(g),£) = V¥g ¢
satisfies

o(gh)=0(g) +Adg10(h), (3.1)

and
0 (8) =1 (@g(x) —Ady )0, Ve heG, vxeM,

where Adj;_1 ¥ =19 oAdg1 forallg e Gand ¥ € g*.

The mapping o defined in Proposition 3.5 is called the co-adjoint cocycle associated with the cosymplectic momentum
map J® on M. It steams from Proposition 3.5 that J® is Ad*-equivariant if and only if o = 0. Hence, 0 measures the lack of
Ad*-equivariance of its associated momentum map. A map o : G — g* is a coboundary, if there exists u € g* such that

o(@=pn—Adg_pu, VgeG.

Every coboundary satisfies the relation (3.1), which motivates that it is also called a co-adjoint cocycle. The space of
co-adjoint cocycles on a Lie group G admits an equivalence relation, whose equivalence classes, the so-called cohomology
classes, are determined by setting that two co-adjoint cocycles are related if their difference is a coboundary. The following
proposition shows that a cosymplectic Lie group action admitting a cosymplectic momentum map with associated co-adjoint
cocycle o is such that it gives rise to cohomology class [o] that is independent of the chosen associated cosymplectic
momentum map.

Proposition 3.6. Let ® : G x M — M be a cosymplectic action. If J? and Jg’ are two momentum maps with co-adjoint cocycles o1
and o, respectively, then [01] = [02].

If a momentum map J® : M — g* associated with a Lie group action ® : G x M — M is equivariant with respect to a
Lie group action W: G x g* — g*, then it is said that J® is W-equivariant. That is why the following proposition can be

summarised by saying that J® is A-equivariant for the so-called affine Lie group action A : G x g* — g* to be defined by J®.

7
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Proposition 3.7. Let J* : M — g* be a momentum map associated with a cosymplectic Lie group action ® : G x M — M with co-
adjoint cocycle o. Then,

(1) themap A: G x g* > (g, ) — Ag =Ad’§,1 W+ o (g) € g*is alie group action,

(2) the cosymplectic momentum map J® is equivariant with respect to A, in other words, every g € G gives rise to a commutative
diagram

« Az *
g —g.

Theorem 3.8. Let ® : G x M — M be a cosymplectic Lie group action with a cosymplectic momentum map J® : M — g* and let
0 : G — g* be the co-adjoint cocycle associated with J®. Define

0y:63g8+—(0(g),v)eR, Y:gxg3(1,8)— Teog(51) R, Yveg.
Then,

(1) the map X is a skew-symmetric bilinear form on g satisfying that

¢, [ vD+EW, [E,¢D + 2, [v.§]) =0, VE, L veg,
(2) & v)={Jv, Je}r,w — Jv.g forallE, v e g.

Recall that if J® is an Ad*-equivariant momentum map, then its associated co-adjoint cocycle satisfies o (g) = 0 for every
g € G. Thus, X(§,n) =0 for all &, n € g and the following corollary becomes an immediate consequence of Theorem 3.8.

Corollary 3.9. If]® : M — g* is an Ad*-equivariant momentum map relative to (M, T, w), then

{Je, In}v.o=Jigm» VE,neg.

In other words, A : & € g~ Je € €°°(M) is a Lie algebra homomorphism.

Let us give some technical definitions that are useful to remove certain conditions appearing in many Marsden-Weinstein
reduction theories [51].

Recall that a weakly regular value of J® : M — g* is a point u € g* such that J®~!(u) is a submanifold in M and
Te(J®~1 () = kerTyJ® for every x € J*~1(u) (see [2]). It is hereafter assumed that p e g* is a weakly regular value
of J®. Additionally, we also assume that the isotropy subgroup G,AL of w € g* relative to the affine Lie group action
A:G x g* — g* acts via ® on J*~'(u) in a quotientable manner, namely J®~'(11)/G}; is a manifold and the projection
7 327N (w) = J* 71 (w)/Gy is a submersion. To guarantee that J*~'(14)/Gy; is a manifold, one may require Gj; to act
freely and properly on J®~1(u) (see [1,2,27] for details).

Let us enunciate, without proofs, the generalisation to the cosymplectic realm of the standard symplectic Marsden-
Weinstein reduction (see [2,27] for details).

Lemma 3.10. Let jt € g* be a weak regular value of a momentum map J®: M — g* associated with a cosymplectic Lie group action
o : G x M — M relative to (M, T, w) and let Gﬁ be the isotropy group at p € g* of the action A: G x g* — g* relative to the

co-adjoint cocycle o : G — g* of J®. Then, for every x € J*~1(1), one has

(1) Tx(G4x) =Tx(Gx) NTx(J®~ 1 (1)),
2) Txad’”(m)f Tu(Gx)*e,
(3) (TJ® 1) =Tx(Gx) @ (Ry).

Theorem 3.11. Let ® : G x M — M be a cosymplectic Lie group action relative to the cosymplectic manifold (M, T, w) and associated
with a cosymplectic momentum map J® : M — g*. Assume that 11 € g* is a weakly regular value of J® and let J*=' () be quotientable
with respect to the action of G induced by ®. Let j,, : J*~' (1) < M be the natural immersion and let 7z, : J*~'(u) — My =

12 Y(w)/G ﬁ be the canonical projection. Then, there exists a unique cosymplectic manifold (M%, Ty, wy) such that

ko o % * %k
IWT=T,T, I 0 =T,0),.
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3.2. Cosymplectic and symplectic Marsden-Weinstein reductions

Let us recall how the cosymplectic Marsden-Weinstein reduction can be reformulated by using the classical Marsden-
Weinstein reduction theorem (see [18] for details). To start with, the following lemma ensures that every cosymplectic
manifold naturally gives rise to a symplectic form on a manifold of a larger dimension (see [27] for details). This idea will be
generalised in the following sections to devise a k-polycosymplectic Marsden-Weinstein reduction from a k-polysymplectic
one.

Lemma 3.12. Let ' € Q2(M), T/ € Q1 (M) and consider the canonical projection pr: R x M — M. Let u be the pull-back to R x M
of the natural coordinate in R relative to the projection tg : R x M — R. Then, (M, T/, ') is a cosymplectic manifold if and only if
(R x M, @ = pr*w’ + du A pr*t’) is a symplectic manifold. Moreover, pr is a Poisson morphism, i.e.

{f1, f2lrwopr={fiopr, froprlz, Vfi,f2€ECRxM).

Let W: G x M — M be a cosymplectic Lie group action with an associated cosymplectic momentum map J¥: M — g*
relative to (M, T, ). Then, ¥ and J¥ can be extended to R x M in the following ways, respectively,

\T':(g,u,x)eGxRxMH(u,Wg(x))eRxM

and

]E:(u,x)eRxMij(x)eg*,

The fundamental vector fields &y, with & € g, related to W, can be understood as vector fields on R x M via the isomor-
phisms T x)(R x M) >~ T;R x TyM for every (u,x) € R x M. In this manner, they are locally Hamiltonian relative to & if
and only if d(R J¢) =0 (see [27]). Hence, the condition R J¢ = 0 ensures that ¥ admits a momentum map J‘T’ relative to the
symplectic manifold (R x M, &), namely tg, ,, @ = d(la, £). Moreover, if J¥ is A-equivariant with respect to W, then ]‘Hp is
also A-equivariant with respect to . Further, since _I‘T’_1 () ~R xJ¥~T(u) for every u € g* and pro \Tlg = Wgopr for every
g€, ie W does not change the first component of R x M, then J¥~1(11) is quotientable by Gy if and only if J¥~"(u) is

so. Moreover, € g* is a (resp. weak) regular value of J¥ if and only if y is a (resp. weak) regular value of ]‘T’. Therefore, we
can apply the Marsden-Weinstein reduction theorem to the symplectic manifold (R x M, @) to obtain a reduced symplectic
manifold M ﬁ =J¥-"T(w /Gﬁ endowed with the reduced symplectic form, @,,, determined univocally by the condition

~*~

jo=7

nu
where J, : J“’—l(u) < R x M is the natural immersion and 7, :j‘T"](,u) —>J‘I’—1(M)/Gﬁ is the canonical projection
[1]. Note that M2 ~ (R x J¥"1(u)/G2 ~R x M7, where M7 —j‘l"l(u)/Gﬁ. Then, a reduced cosymplectic manifold

(Mﬂ, Ty, wy) can be retrieved from a)M in the followmg way

gk ~ %3
=ty (Lo @), op =40,

where ¢, : M} 5 [x] > (u, [x]) € R x M2 and [x] stands for the orbit of x € J*~!(u) relative to G/. In particular,
da)ﬂ = dt*a)u = L*dc'(v)u =0, d‘L’H_ = dt* (LB/Bu C?)M) = L* (fa/au(,’?)u) =0,

where the last equality holds since .,%/auwu = 0. Moreover, if X € %(M ), then ¢, X takes values in kerdu. If, additionally,
txwy =0 and tx 7, =0, then ¢, x@; =0 and X =0 because @, is symplectlc Hence, kerw,, Nkert, =0. A Reeb vector
field R on M gives rise to a unique vector field RonRxM prOJectmg onto M via pr and taking values in kerdu. Since

R is tangent to ]‘I’ T(t) and projectable onto a vector field RM on MM, one has that (g, 7, = LRML;)/aua)M = Rlyjguw = 1.

Hence, 7, is different from zero, and (M}, 7, w,,) becomes a cosymplectic manifold. It can be shown that (Mp, 7y, wy)
does not depend on the particular map ¢,. Indeed, this fact can be considered as a particular consequence of the proof of
Theorem 6.13.

The above approach shows that the cosymplectic Marsden-Weinstein reduction can be obtained through a symplectic
reduction on R x M of a particular type. Note that instead of T =R, one can also consider T = S! endowed with dg, where
6 is a locally defined angular coordinate on S! giving rise to a global closed differential one-form. The above procedure is
analogous in this latter case.

What has not been stressed so far in the literature is that the above discussion also implies that cosymplectic geometry
can be understood as a type of symplectic geometry in a larger manifold. Although this can be of interest, it is known that
the extension of mathematical entities on a cosymplectic manifold to a symplectic one of a larger dimension may change
the properties of such entities in such a way that their study may be more complicated. This may happen, for instance, in
the study of energy-momentum methods [27].
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4. Fundamentals on geometric field theory

Let us review the geometric fundamentals needed to develop our further geometric formulation for Hamiltonian field
theories (see [3,23,35,37,50,51,57] for details on k-polysymplectic and k-polycosymplectic formalisms). We hereafter assume
that R¥ has a fixed basis {e1, ..., ey} giving rise to a dual basis {e',...,e*} in R**.

4.1. k-Polysymplectic and k-symplectic manifolds

This section surveys the theory of k-polysymplectic, polysymplectic, k-symplectic structures, and related concepts that
appear in the literature and the terminology to be employed in this work. This introduces the definitions to be used and
allows one to understand the relations between the results of our work and other previous ones. This description is quite
relevant as the terminology appearing in the literature is not unified and the same term can refer to different not equivalent
geometric concepts. Some examples of this can be found in the foundational works by Giinther [37] and Awane [3].

Definition 4.1. A k-polysymplectic form on M is a closed non-degenerate R¥-valued differential two-form

©=0%Qey € 2*(M,RK).
The pair (M, w) is called a k-polysymplectic manifold.
k-Polysymplectic manifolds are called, for simplicity, polysymplectic manifolds in the literature (see [51] for instance).

Nevertheless, the latter term refers to a different notion that is shown below. That is why we will not simplify the term
‘k-polysymplectic manifold’ and other related ones in our work so as to avoid misunderstandings. It is worth noting that M

has a k-polysymplectic form e if, and only if, there exists a family of k closed two-forms ', ..., w* € Q*(M) such that
k
kerw = ker(w® ® ey) = ﬂ kerw® =0.
a=1

Hereafter, R¥-valued differential forms will be written in bold. Now, we can define polysymplectic manifolds as follows.
Definition 4.2. Let M be an n(k + 1)-dimensional manifold. Then,

e A polysymplectic structure on M is a differential two-form taking values in R¥ given by w = v ® ey € Q%(M, R¥) for

certain !, ..., " € Q2(M) such that
k
kerw = ﬂ kerw® =0.
a=1

In this case, (M, @) is called a polysymplectic manifold.
e A k-symplectic structure on M is a pair (@, V), where (M, ®) is a polysymplectic manifold and V € TM is an integrable
distribution on M of rank nk such that

w|V><V =0.

In this case, (M, @, V) is a k-symplectic manifold. We call V a polarisation of the k-symplectic manifold.

If the two-form @ is exact, namely @ = d@ for some 8 € Q'(M, R¥), in any of the above-mentioned concepts introduced in
Definition 4.2, then such concepts are said to be exact.

The previous k-symplectic manifold notion coincides with the one given by A. Awane [3,4]. In addition, it is locally
equivalent to the concepts of standard polysymplectic structure of C. Giinther [37] (they are globally equivalent provided there
exist compatible Darboux charts') and globally equivalent to the integrable p-almost cotangent structure introduced by M. de
Ledn et al. [20,21]. In the case of k =1, Awane’s definition reduces to the notion of polarised symplectic manifold, namely a
symplectic manifold with a Lagrangian distribution [19].

Glinther calls polysymplectic manifolds the differential geometric structures obtained from our k-symplectic definition
by removing the existence of the distribution V. Meanwhile, a standard polysymplectic manifold in Giinther’s paper [37]
is a polysymplectic manifold admitting local Darboux coordinates, which is equivalent to our definition of a k-symplectic

1 Note that it is not clear what Giinther means by an atlas of canonical charts, namely which is the equivalence between different pairs of Darboux
charts.

10
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manifold. Note that the condition concerning the polarisation V in the definition of a k-symplectic structure is necessary to
ensure the existence of an atlas of compatible Darboux-type coordinates (see [3,36] and [61, p. 57]) and vice versa.

It is very important to remark that the polysymplectic reduction in [51] does not rely on any relationship between the
dimension of the manifold and the number k of the k-polysymplectic form @ on it. It is also relevant to stress that the
polysymplectic manifold term in [51] is just a simplification of the term k-polysymplectic manifold, which is defined in
our work. Finally, Definition 4.2 leads to a linear analogue definition by assuming @ to be restricted to a point x € M. This
allows us to define k-polysymplectic structures on linear spaces, k-polysymplectic spaces, and so on. In such cases, one assumes
® € A2E* ® R¥, where E is a vector space and AZE* stands for the space of two-covectors on E while V is substituted by
a linear subspace W C E.

Example 4.3 (Canonical model for k-symplectic manifolds). Let Q be an n-dimensional manifold and consider the Whitney sum
k )
EBT*Q =T*Q ®q ---®o T*Q ,

with natural projections 7% : @k TQ — T*Q, from the «-th component of EB" T*Q onto T*Q, with ¢ =1,...,k, and
T EBkT*Q — Q. A coordinate system {q'} in Q induces a natural coordinate system {q', p{*} in @k T*Q, where o
ranges from 1 to k. Consider the canonical forms in the cotangent bundle T*Q of Q given by 6 € Q1(T*Q) and w = —d6 €
Q2(T*Q). Hence, the Whitney sum @k T*Q has the canonical forms taking values in R¥ given by

O0r=mT*""0Qey, wp=—dby,

which, in natural coordinates {q', pf} in @k T*Q, read
0 =pYdg ®ey, wpx=dg' Adp¥ @eq.

Taking all this into account, the triple (@k T*Q, wx, Vi), with Vi, =kerTmq, is a k-symplectic manifold. Notice that the
natural coordinates {q', pf} in EB" T*Q are the canonical example of k-symplectic Darboux coordinates.

Given a k-symplectic manifold (M, w, V), the vector bundle morphism
k
b:(Vis.o Vi) EEPTM — 1y, (@, %) €T*M,

induces a morphism of €°°(M)-modules b: ¥*(M) — Q!(M). The morphism b is surjective because the annihilator of its
image belongs to (*_, ker w® = ker@ = 0.

4.2. k-Polycosymplectic and k—-cosymplectic manifolds

Non-autonomous field theories can be modelled by means of the so-called k-polycosymplectic [50] and k-cosymplectic
[23] geometries. Let us introduce the basic definitions related to these geometric theories.

Definition 4.4. A k-polycosymplectic structure on M is a pair (T, ), where T € Q'(M,R¥) and w € Q2(M, R¥) are closed
differential one- and two-forms taking values in R¥ such that

k k
rank ker @ = rank (m kerw"‘) =k, kerw Nkert = ﬂ (kert® Nkerw®) =0.

a=1 a=1

In this case, (M, T, ®) is called a k-polycosymplectic manifold. If, in addition, dimM =k + n(k + 1) for a certain n € N, it is
said that (M, T, @) is a polycosymplectic manifold and (T, w) is a polycosymplectic structure.

Definition 4.5. A k-cosymplectic structure on M is a family (7, @, V), where (T, ) is a polycosymplectic structure on M and
V C TM is a distribution of rank nk on M such that

T|V =0 and w|V><V =0.

Then, (M, T, ®, V) is k-cosymplectic manifold.

If ® is exact, namely @ = d@ for some 6 € Q1(M, R¥), the polycosymplectic (resp. k-polycosymplectic or k-cosymplectic)
structure is said to be exact. If not otherwise stated, we will assume that the indices «, 8 range from 1 to k. Throughout
the paper, M? will be sometimes used to denote a k-polycosymplectic manifold (M, T, ®). This will allow for shortening

11
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the notation. Note that Definition 4.4 and Definition 4.5 can be immediately modified to define a linear analogue, namely
by assuming T € E* ® R¥ and w € AKE* ® R¥ for a linear space E and AXE* being the space of k-covectors of E.

For clarity, it is convenient to prove the following result. Moreover, this will be necessary to relate our k-polycosymplectic
manifolds to a certain type of k-polysymplectic manifolds.

Proposition 4.6. Let (M, T, w) be a k-polycosymplectic manifold. There exists a unique family of vector fields Ry, ..., Ry on M, called
Reeb vector fields, such that

IR, T =€q, R, @=0, a=1,...,k. (4.1)

Proof. By Definition 4.4, one has ker T Nker @ = 0, which means that, if T = 7% ® eq, then ! A... A T¥ does not vanish on

D =kerw. The distribution D has rank k by the definition of a k-polycosymplectic manifold. Therefore, ‘L'Xl [Dys s tf|DX are
linearly independent at every x € M and the restrictions of !, ..., 7% to D admit a unique dual basis Ry, ..., Rg of vector
fields on M taking values in D. Then, the vector fields Rq,..., Ry satisfy the conditions (4.1). O

4.3. k-Vector fields and integral sections

The notion of a k-vector field is of great use in the geometric study of partial differential equations [51]. In particular,
the dynamics of the so-called k-polycosymplectic Hamiltonian systems are determined by k-vector fields. Moreover, the
reduction of a k-polycosymplectic Hamiltonian system is accomplished by reducing an associated Hamiltonian k-vector
field. Let us present some relevant details.

k
Consider the Whitney sum of k copies of the tangent bundle to M, namely @k ™ =TM @y @ @®m TM, and the natural
projections

k k
p: PT™M—>T™M,  pry: M > M, a=1,... .k

Definition 4.7. A k-vector field on a manifold M is a section X: M — GB" T™ of pr}w. The space of k-vector fields on M is
denoted by X*(M).

@F ™
/ Jpru
M M
Taking into account the commutative diagrams above, which are concerned with o =1, ..., k, a k-vector field X € x*(M)
amounts to k vector fields Xq,..., Xk € X(M) such that X, = pr® o X with @« =1, ..., k. With this in mind, it makes sense
to denote X = (X1, ..., Xk). A k-vector field X = (X, ..., Xi) induces a decomposable contravariant skew-symmetric tensor

field, X1 A --- A X, which is a section of the bundle /\" TM — M. This also induces a (generalised) distribution on M
spanned by the vector fields Xy, ..., X, on M.

Definition 4.8. Given a map ¢: U c R¥ — M, its first prolongation to EB" TM is the map ¢’: U c R¥ — @k TM defined by

d
Yoto (&

where s = (s, ...,s¥) and {s', ..., s} are the canonical coordinates of R¥.

a
AOES (¢(S);T¢ (ﬁ

)) = (@) ¢1(9). ... B (5)),

Analogously to the case of integral curves of vector fields, one can define integral sections of a k-vector field as follows.
Definition 4.9. Let X = (X1, ..., Xx) € ¥¥(M) be a k-vector field. An integral section of X is a map ¢: U c R¥ — M such that

¢/=XO¢,

that is, Tg o % =Xgo¢ fora=1,...,k A k-vector field X € X¥(M) is integrable if every point of M is in the image of an
integral section of X.

12
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Consider a k-vector field X = (X1,..., X§) on M with a local expression
Xy = X1 =1 k
a =Ry a , oa=1,...,kK,

where i ranges from 1 to dim M. Then, ¢: s € U C R¥ ¢(s) € M is an integral section of X if, and only if, ¢ is a solution
of the system of partial differential equations

9t ; -

@=xa(¢), i=1,...,dimM, a=1,...,k.

Let X = (X1,..., X)) be a k-vector field on M. Then, X is integrable if, and only if, [Xy, Xg] =0 for @, =1,... k.
These are precisely the necessary and sufficient conditions for the integrability of the above systems of partial differential
equations in normal form, namely the partial derivatives of the coordinates ¢ at a point of M can be written as functions of
the value of ¢ at that point [44].

4.4. Non-autonomous field theory

Given an RK¥-valued differential ¢-form @ = 6% @ e, € Q¢(M, R¥), the contraction of @ with a vector field X € X(M) is
defined as

1x0 = (1x0%) ®eq € QN (M,RY).

For a k-vector field X = (X1, ..., Xx) € XX(M), its contraction with 0 reads

1x0=1ux,0% € Q=Tm).

The exterior product of two RX-valued differential forms # = 9% ® eq € Q1 (M, R¥) and pu = u? Q ey € Q2 (M, RK) is
defined as follows

k
PAR=) O AuY) ®eq € QT (M RY).
a=1
The above definitions will be very useful to simplify the notation of our further theory. Note that a point-wise analogue

of the above definitions can be defined mutatis mutandis. In particular, the latter conveys implicitly some definitions for the
contraction of elements of E or E ® R¥ with E* @ R¥ for a vector space E.

Definition 4.10. Let (M, T, ) be a k-polycosymplectic manifold and let h € ¥°°(M). Then, (M, T,®,h) is called a k-
polycosymplectic Hamiltonian system. A k-vector field on M, let us say X = (X1,..., Xg) € XX(M), is a k-polycosymplectic
Hamiltonian k-vector field if it is a solution to the system of equations

{wa =dh — (Rgh)T%,
B=1,....k (4.2)

Lxﬁ‘[:e,g,

The function h is the Hamiltonian function of X. Hereafter, %ﬁam(M, 7, ) stands for the space of k-polycosymplectic Hamil-
tonian k-vector fields on M.

If the k-polycosymplectic manifold is understood from the context, we will simply write XX(M) for its space of
Hamiltonian k-polycosymplectic vector fields on M. It is worth noting that every function f € ¥°°(M) admits different
k-polycosymplectic Hamiltonian k-vector fields. If k = 1, Definition 4.10 retrieves the notion of a cosymplectic Hamiltonian
system.

Suppose that, around a point x € M, we have Darboux coordinates {t*, g, p{} and consider now a k-vector field X =
(X1, ..., Xp) € (M) given locally by

Xy = (Xa)f - 4 (X)L (x)f 2
a=( a)w‘i‘( a)a—qi‘f‘( a)i@-

If X is a k-polycosymplectic Hamiltonian vector field, conditions (4.2) give

k
oh i oh
KXo =084, 5= == (Xl
api q a=1
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This shows that every h € ¥°°(M) may have different k-polycosymplectic Hamiltonian k-vector fields. Let v : R — M be
an integral section with local expression

Y(s) = (t*(s),4'(5), pf(9)), seR¥,
of a k-polycosymplectic Hamiltonian k-vector field X. In this case, v satisfies the systems of partial differential equations

of _ 5 g _ oh i ap  oh

- 9s¢ — 9p¥’ as® — agi-

s (43)

)

a=1

Example 4.11 (The vibrating membrane with external force). Consider a horizontal vibrating membrane with coordinates {x, y}
subjected to a time-dependent external force given by a function f(t,x, y). The phase space of this system is M = R3 x
@3 T*R and it admits global Darboux coordinates {t,x, y, ¢, pt, p*, p¥}, where u stands for the distance of every point
in the membrane with respect to its equilibrium position, and p‘, p*, p¥ are the corresponding momenta. This system is
described by the Hamiltonian function h € ¥°*°(M) given by

1 1 1
h(t t X oWy — Z(ph2 — _(p*)2 _ __(p¥)\2 _ t
€xy.8,p. P p)=5(P)" = 55 (P)" = 55 ()" — ¢ f(t.xy).

where ¢ € R is a constant related to the physical features of the membrane, which takes into account its properties and
tension. In this case, equations (4.3) for a section

Yot x, y) €R3 > (6,%,y, L6, %, ¥), P (6, %, ¥), Xt %, ¥), PP (£, X, ) € R3 x B2 _, T*R
yield

apt  ap* apY

— +t—+——=JExY),

at 09X ay I )

tile hile 1 hile 1

_:pts —:——sz, = v,

at X c
Note that the use of {t,x, y} as the coordinates of the domain of an integral section of Xj is a slight abuse of notation
that is nevertheless common in the literature [61] and it will be hereafter employed in this work. Combining the previous
equations, we obtain the equation of a forced vibrating membrane, namely

2c 1 [9%c 9%
— 5=+ )=ftxy.
o2 2 (8x2 + 8y2> ftxy

To describe this system in polar coordinates, we can consider the Hamiltonian function

ay 2

~ 1 1 2
h(t,r,0,¢,p" p", p?) = > ((pf)2 - C—z(pf)2 - £—2<p9)2) —r¢ f(t,1,0),

and now equations (4.3) for a section

Y (tr,0) eR3 > (61,60, 2(t.1,0), pL(t.1.0), p*(t.1.0). pY(t.1.0)) e R® x B _, TR

become
apt  ap” ap?
— + —+ ——=rf(t,r1,0),
ot + or + 20 .0
e 1 ¢ 1 ac r
—=-p', —Z——zpr, =" 7.
ot r ar rc 20 c

Combining these equations, the equation of a forced vibrating membrane in polar coordinates reads

3¢ (% 1dr  1d%¢
— =+ -——+5—=|=fr,0).
ot2 <3r2 Far P2 392> I )

5. k-Polysymplectic Marsden-Weinstein reduction without Ad*-equivariance

This section introduces the notion of a momentum map for k-polysymplectic manifolds. In particular, we present Ad*-
equivariant k-polysymplectic momentum maps, which are well-known in Section 5.1. A theory of affine Lie group actions
for k-polysymplectic manifolds, which seems to be new, will be devised in Section 5.2. We will show that Ad**-equivariance
is not required to achieve a k-polysymplectic Marsden-Weinstein reduction in Section 5.3.
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5.1. k-Polysymplectic momentum maps

The following definition introduces a fundamental class of Lie group actions preserving a k-polysymplectic form. As
shown later, these actions play a crucial role in the Marsden-Weinstein k-polysymplectic reduction theory.

Definition 5.1. An action ®: G x P — P of a Lie group G on a k-polysymplectic manifold (P,®) is said to be a k-
polysymplectic Lie group action if <1>§w =w for each g € G.

Definition 5.2. A k-polysymplectic momentum map for a Lie group action ® : Gx P — P relative to a k-polysymplectic manifold
(P, ®) is a map J® : P — (g*)¥ such that

ey = (15, 0%) @ e =d(J®,£), Veegq. (5.1)
Note that equation (5.1) implies that J® : P — (g*)¥ satisfies

g, w=d(J® &), VEed, (5.2)

where & is the k-vector field on P whose k vector field components are the fundamental vector fields of @ related to the
o

k-components of & e g*. If we write £ = (0, ..., (S), ...,0)egkforany £ egand @ =1,...,k and impose (5.2) to hold for
a basis {1, ..., &)} for g, we obtain kr conditions, which uniquely fix the value of the kr coordinates of J®. Conversely, the
equation (5.1) evaluated on the previous basis of g imposes r conditions for each one of the k components of J®, giving rise
to kr conditions.

The following definition is well-known and widely used in the literature [51], but we changed the notation of Coad* to
Ad** to shorten it. Nevertheless, we will see later that the Ad*"—equivariance condition is not necessary.

Definition 5.3. A k-polysymplectic momentum map J® : P — (g*)¥ is Ad*k—equivariant if
]‘1>0<1>g:Ac1j;’i1 0]®, VgedG,

k
where Adzk_] = Adz_l ® © ® Adz_1 and

Ad™ G x (@) — (@)
(&) > Adi

In other words, for every g € G, the following diagram commutes

e
P ; (g*)k

k
l':bg lAd;l
(]

P @Mk
To simplify the notation, let us introduce the following definition.

Definition 5.4. The four-tuple (P, w,h,J®) is called a G-invariant k-polysymplectic Hamiltonian system if it consists of a k-
polysymplectic manifold (P, @), a k-polysymplectic Lie group action ® : G x P — P such that d)féh =h for every g € G, and

a k-polysymplectic momentum map J® related to ®. An Ad*k-equivariant G-invariant k-polysymplectic Hamiltonian system is
a G-invariant k-polysymplectic Hamiltonian system whose k-polysymplectic momentum map is Ad*k—equivariant.

5.2. General k-polysymplectic momentum maps

This section develops the theory of k-polysymplectic momentum maps that are not necessarily Ad*k—equivariant. In par-
ticular, we demonstrate that every k-polysymplectic momentum map J® : P — (g*)¥ admits a Lie group action on (g*)
such that J® is equivariant with respect to such a Lie group action. The hereafter introduced techniques are more complex
technically, but analogous, to the ones used in [59,67], where the Ad*k—equivariant momentum map methods on symplec-
tic manifolds were extended by removing the Ad*k—equivariance condition. Recall that all manifolds are assumed to be
connected unless otherwise stated.
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Proposition 5.5. Let (P, @, h,]®) be a G-invariant k-polysymplectic Hamiltonian system and let us define the functions on P given
by
. ® @ k
1/fg’£.P9xr—>Jg (<bg(x))—]Ad,;71§(x)eR, VgeG, VéEeg'.

Then, ¥4 ¢ is constant on P for every g € G and § € gk. Moreover, the function o : G 3 g — o (g) € (g*)* univocally determined by
the condition (0(g), §) = ¥ ¢ satisfies

0(g182) =0 (g1) +Ad;’111 0(g2). Vg1.82¢€6.

Proof. Note that

Y =d0y o D) —dly =Py, @) =
a

&

— * — — — —
= [’q)g—l*gl’ q)gw L<1>g—1*§p @ = L<1>g—1*§p @ [’q)g—l*EP w=0,

Lt 6p @

where we have used that @ is a k-polysymplectic Lie group action and the well-known fact that (Adg &)p = ®g.&p for every
g € G and each & € g (see [1]). Hence, (Ad’;,,1 &)p==>g1,8p forevery § € gk. Therefore, ¥g¢ is constant on P for all ge G

and any £ € gk.
Let us rewrite ¥, as follows

Vo =IE 0@ Iy =00 ®st)- (®.ad g)
=% 0 0g.8) - (Ad¥, 1. 8) = (1 0 05 — AdZK )0 8)
where Adg,1 : g — g* is the transpose to Ad;",l. Hence,
0:G3gr—J% 0 dg —AdY ] =0 (g) € ().
Thus, 0 (g) is constant on P for every g € G and (0(g),§) =¥, ¢, for every g€ G and & € g*. Then,
= (ﬁb oDy 0 Dy, — Adz’;,l (%0 @g,) +Ad2’li1 (%0 dg,) — Adzll‘,l AdZ’;,1 Jd’)
= (1% 0 By, —Ad  JP+AdK 1% 0 By, —AdK ")) =0 (g +AdY 0 (22)
for any g1,g2€G. O
The map o : G — (g*)¥ of the form
o(® =)0y —AdJ®,  geG,

is called the co-adjoint cocycle associated with the k-polysymplectic momentum map J® on P. A map o : G — (g*)¥ is a
coboundary if there exists gt € (g*)¥ such that

o =p—Ad¥ pn, VgeG.

If J® is an Ad**-equivariant k-polysymplectic momentum map, then o = 0.

The next proposition shows that every k-polysymplectic Lie group action admitting a k-polysymplectic momentum map
induces a well-defined cohomology class [o'], namely [o] is the same for every k-polysymplectic momentum map induced
by the initial k-polysymplectic Lie group action. The proof is analogous to the one of the equivalent proposition on sym-
plectic manifolds [59,67].

Proposition 5.6. Let ® : G x P — P be a k-polysymplectic Lie group action. If J'® and J*® are two associated k-polysymplectic
momentum maps with co-adjoint cocycles o1 and o 5, respectively, then [01] = [0 3].

Proposition 5.7. Let J® : P — (g*)* be a k-polysymplectic momentum map associated with a k-polysymplectic Lie group action
® : G x P — P with co-adjoint cocycle o. Then,
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(1) the map
A:Gx (@) 3 (g 1)~ 0(8) +Ad p=Ag(p) € (69,

is a Lie group action of G on (g*)X,
(2) the k-polysymplectic momentum map J® is equivariant with respect to A, in other words, for every g € G, one has a commutative
diagram

Jq) s\ k
P —— (g9

Proof. First, since o (e) =0, one has

Ale,)y=p+o@=p.
Thus, A(e, ) = ;. Moreover, by Proposition 5.5, one gets

A(g1, A(g2, 1)) =Ad§’111<Ad’;’211 R +0(g2) +0(g1) =Adj;’1‘_1 Ad;’zil " +Adj;’f_1 0(g2) +0o(g1)

=Ad(g g1 LT AdL 0(82) +0 () =AYy 1 i +0(8182) = Ag182, 1),

for every g1, g2 € G and u € (g*)*. Hence, A is a Lie group action of G on (g*)X. Second, by definition of A and o, one has
Ago]® =Adz,’iqu> +0(g)=)"0d;, VgeG,
which shows that J® is A-equivariant. O

Proposition 5.7 ensures that a general k-polysymplectic momentum map J® gives rise to an equivariant k-polysymplectic
momentum map relative to a new action A : G x (g*)* — (g*)¥, called a k-polysymplectic affine Lie group action.

It should be noted that an affine Lie group action can also be expressed by writing A(g, p) = (A;M,...,Agu") €

(g*)¥, where the mappings Al,..., A¥ take the form A% :G x g* > (g, 9) — Ad";,1 3 +0%g) = Ag(ﬂ) eg* and 0(g) =
(01(g),....0k(g)), where 0%(g) =J2 o @y —Ad;,ljgll> fora=1,...,k.

5.3. k-Polysymplectic Marsden-Weinstein reduction

This section aims to extend the k-polysymplectic reduction to the case when the associated k-polysymplectic momentum
map J® is not necessarily Ad*k-equivariant. Recall that, at the end of Section 5.2, we proved that every k-polysymplectic
momentum map J® gives rise to a k-polysymplectic affine Lie group action A : G x (g*)* — (g*)*¥ making J® to be A-
equivariant. Moreover, the isotropy group, Gﬁ, of it € (g*)¥ relative to A may be different from the isotropy group of g

with respect to Ad** since the action of both on (g™ is not necessarily the same (cf. [59, Theorem 6.1.1]). This observation
is crucial to generalise the k-polysymplectic Marsden-Weinstein reduction theorem [51] to general not necessarily Ad*k-
equivariant k-polysymplectic momentum maps. We here provide the generalisation to this new realm of the theorems
presented in [51]. Additionally, we introduce the quotients of k-polysymplectic manifolds related to general k-polysymplectic
momentum maps, which will inherit, under mild conditions, a k-polysymplectic manifold (see [51] for details).

Let (E, w) be a k-polysymplectic vector space and let W be a linear subspace of E. Then, the k-polysymplectic orthogonal
complement of W relative to (E, w) is the linear subspace defined by

WKk =(veE|twtyo=0,Ywe W}.

The following results are a slight generalisation of some known findings in k-polysymplectic geometry devised in [51]
so as to cover the case when k-polysymplectic momentum maps J® does not need to be Ad*-equivariant. In fact, the whole
work [51] can be rewritten by using k-polysymplectic affine Lie group actions instead of coadjoint actions. The changes to
be performed are based merely on substituting G o by Gﬁz, gue by gﬁg. Gp by GA, as well as others minor amendments
of the sort. Although changes to perform are simple, verifying where corrections have to be done represents a long work.

Let us start with our slight generalisation of a standard result in k-polysymplectic Marsden-Weinstein reduction theory.

Lemma 5.8. Let (P, w, h,J®) be a G-invariant k-polysymplectic Hamiltonian system and let p € (g*)¥ be a weak regular value of a
k-polysymplectic momentum map J® : P — (g*)X. Then, for every p € J*~1(n), one has
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(1) Tp(Gpp) =Tp(Gp) N T, J®~ (1)),

(2) Tpd® () =Ty(Gp)-~.

Proof. Let £p(p) € Tp(Gp) for some & € g. Then, &p(p) € TP(Gﬁp) if, and only if, £p(p) € T, J®~1(n)), or equivalently & € gﬁ
if, and only if, £p(p) € T, (I®7' (), where gy is the Lie algebra of G.

The proof of (2) follows essentially the same as in [51]. O

Let us provide a non-necessarily Ad*k—equivariant counterpart of some relevant technical results in [51], namely Lemmas
3.15 and 3.16, leading to the k-polysymplectic Marsden-Weinstein reduction theory.

Lemma 5.9. The linear map

o1 (Tplg) )
ey T - ker g
Ty pJ A(m) — T . pel®lwcP,
Tp(Gﬂp) {Tp”u(gl’)p € € gy
for some « belonging to {1, ..., k} is an epimorphism if, and only if,

l<eer]g’ =Tp 0w+ kerw‘l’,‘ + Tp(Gﬁgp).
Meanwhile ﬂ’&;l ker ffl‘} =0 if, and only if,

k
Tp(GaAp) =) (kerwg —i—Tp(GﬁZp)) AT, 0% ().

a=1

The following theorems present and describe the main results of our slightly generalised k-polysymplectic Marsden-
Weinstein reduction theory. It is extremely important to stress that there is no restriction on the dimension of P for the
following Theorem 5.10 and Theorem 5.11 to hold.

Theorem 5.10 (The k-polysymplectic Marsden-Weinstein reduction theorem). Consider a G-invariant k-polysymplectic Hamiltonian
system (P, @, h,J®). Assume that p € (g*) is a weak regular value of J* and Gy acts in a quotientable manner on J*~' (u). Let Gﬁz
denote the isotropy group at (1% of the Lie group action A% : (g,9) € G x g* > A%(g, ) € g* forx =1, ..., k. Moreover, let the
following conditions hold

ker(TpJ$) =T, (J® " (1)) + ker % + T, (G4up) . (5.3)
k
Tp(GAp) =) (kerw;‘,’ +Tp(c,§;"p)) NT,° (). (5.4)
a=1

forevery p e J®~V(w)andalle =1, ..., k. Then, J®~1(p)/G2, wy) is a k-polysymplectic manifold, where @, is univocally deter-
mined by

nl’jwu = ];w,
while jp, : J*~1 () < P is the natural immersion and 1y, : J*~' () — J*~' (w)/Gp, is the canonical projection.

Note that the above theorem introduces a few improvements relative to the k-polysymplectic Marsden-Weinstein
reduction theorem in [51]. For instance, the Ad*-equivariance of J® is removed, which is achieved by introducing a k-
polysymplectic affine Lie group action A.

The theorem below shows when a class of k-polysymplectic Hamiltonian system (P, @, h,J®) induces a k-polysymplectic
Hamiltonian system on the reduced manifold J®~! (;L)/Gﬁ obtained via Theorem 5.10.

Theorem 5.11. Let the assumptions of Theorem 5.10 be satisfied. Let h € ¥’°°(P) be a G-invariant Hamiltonian function relative to ®
andlet X" = (X1, ..., XI') be a k-vector field associated with h. Assume that ¢, X" = X" for every g € G and X" is tangent to J*~1(p).
Then, the flows F% of X leave J*~'(p) invariant and they induce a unique flow F& on J®~! (1)/ Gy, satisfying 7ty o FY = Ff oty
foreverya =1,... k.

The proof of Theorem 5.11, based on Theorem 5.10, is essentially the same as in [51]. It is worth noting that X" does
not need to be invariant relative to the action of G even when its HDW equations are so. This will be illustrated in the

examples of Section 7.
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6. A k-polycosymplectic Marsden-Weinstein reduction

This section contains some of the main results of the paper: the development of a new k-polycosymplectic Marsden-
Weinstein reduction that does not depend on the Ad*k—equivariance of the employed k-polycosymplectic momentum map.
As a byproduct, k-polycosymplectic geometry is considered as a particular case of k-polysymplectic geometry. Despite the
relevance of the latter result, it is worth noting that this is done by showing that a k-polycosymplectic structure gives rise
to a k-polysymplectic structure on a manifold of larger dimension, which may introduce additional complications to study
problems in the initial k-polycosymplectic manifold and may need to be addressed (see [27] for a more detailed comment
of this fact in the cosymplectic case). In a few words, while k-polycosymplectic structures may be equivalent to some k-
polysymplectic structures on manifolds of higher-dimension, the corresponding Hamiltonian k-polycosymplectic systems are
not “geometrically equivalent” to the associated Hamiltonian k-polysymplectic ones on manifolds of a higher-dimension.

6.1. k-Polycosymplectic momentum maps

Let us develop a k-polycosymplectic momentum map notion by extending the ideas employed to define cosymplectic
momentum maps to the k-polycosymplectic realm. The definition of a k-polycosymplectic Ad**-equivariant momentum
map is also provided.

Every k-polycosymplectic structure on a manifold M gives rise to two closed differential forms @ € Q2(M,R¥) and
T € Q' (M, R¥) given by

w=0"Qey, T=1"Qey,

for a canonical basis {eq, ..., e} in R¥ and some differential two- and one-forms on M given by w® and t% fora =1,...,k,
respectively. The standard differential calculus for differential forms can be naturally extended to differential forms taking
values in R¥ [43].

Definition 6.1. A Lie group action ®: G x M — M is said to be a k-polycosymplectic Lie group action relative to the k-
polycosymplectic manifold (M, T, w) if, for each g € G, the diffeomorphism ®4: M — M satisfies 3w = @ and ®37 =T7.

Definition 6.2. A k-polycosymplectic momentum map for a Lie group action ® : G x M — M relative to a k-polycosymplectic
manifold (M, T, ®) such that &y takes values in kert for every & € g, is a map J® : M — (g*)¥ satisfying that

ey @=d(®.&)=dJ?. 1 T=0, Z,JF =0, Veeg, a=1,..k. (6.1)

Note that ]? in the above definition is to be considered, for any fixed & € g, as a function on M taking values in R.
According to Definition 5.2, we can express the first and the second conditions in (6.1) in the following manner

g, @=d(J® &) and ,T=0, VEeg"

where £ = (0, ..., (g), ...,0) € g" forany £ e gand o =1, ..., k. The Reeb vector fields Ry, ..., Ry corresponding to (M, T, ®)
are tangent to the level sets of J®. However, R, ..., Ry are not tangent to the orbits of ® since 7 is required to vanish when
restricted to the tangent space to the orbits of .

The following Ad*k-equivariance definition is well-known and widely used in the literature. Nevertheless, we will here-
after show that it is not necessary.

Definition 6.3. A k-polycosymplectic momentum map J® : M — (g*)¥ is Ad*"—equivariant if it satisfies
J‘l’o<1>g=AdZ’i1 oJ®, VgegG,
where

Ad*: G x (g9)k — (g")*

k—times

(g, 1) — (Ady @ ®@Ad, ) ().

In other words, for every g € G, the following diagram commutes

J<1>
M —— (g9k

[ b

Jd) *\k
M — (g
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Note that k-polycosymplectic Lie group actions are the analogue in k-polycosymplectic geometry to k-polysymplectic Lie
group actions.
Let us introduce the following definition.

Definition 6.4. The four-tuple (M?,h,]q’) is called a G-invariant k-polycosymplectic Hamiltonian system if it consists of a
k-polycosymplectic manifold (M, T, w), a k-polycosymplectic Lie group action ®: G x M — M such that ®3h =h for ev-
ery g € G, and the k-polycosymplectic momentum map J® related to ®. An Ad*k—equivariant G-invariant k-polycosymplectic
Hamiltonian system is a G-invariant k-polycosymplectic Hamiltonian whose k-polycosymplectic momentum map is Ad*-
equivariant.

6.2. General k-polycosymplectic momentum maps

Let us prove in this section that the Ad*"-equivariance condition for a k-polycosymplectic momentum map J® can be
substituted by a new type of equivariance. More exactly, we show that a k-polycosymplectic momentum map J® is A-
equivariant relative to a hereafter constructed affine Lie group action on (g*)¥. The proofs of the following results that are
essentially the same as in the k-polysymplectic case will be hereafter omitted. Additionally, the techniques introduced in this
section are analogous to the procedures used in [27], where momentum maps on symplectic manifolds were generalised to
cosymplectic manifolds, but much more technically involved.

Proposition 6.5. Let (M¢, h,J®) be a G-invariant k-polycosymplectic Hamiltonian system. Define the functions on M of the form

‘M—>R, VgeG, VEegh.

_q® T
Vee =l o Pg JAdg_lg

Then, each ¥ ¢ ¢ is constant on M forevery g € G and § € g. Moreover, themap o : G 3 g — 0 (g) € (g%)¥ such that (o (g), &) = Vor
satisfies

0(g182) =0(g1) +Adz,’1i1 o(g2), Vgi,8¢G.

The proof of Proposition 6.5 is essentially the same as the proof of Proposition 5.5 and it will be therefore omitted.
Note that the map ¢ in Proposition 6.5 can be brought into the form

0(g)=J" 00y — ALY, )" = (0" (@),....0 (@) e @),

where g%(g) :ng> o dg — Ad";,1 ]g’ for each @ =1, ..., k. The map o is called the co-adjoint cocycle associated with J®. It is

worth stressing that J® is an Ad*"-equivariant k-polycosymplectic momentum map if, and only if, & = 0. Moreover, every k-
polycosymplectic Lie group action admitting a k-polycosymplectic momentum map also induces a well-defined cohomology
class [o].

Let us introduce an analogue to Proposition 5.7 to show that a k-polycosymplectic momentum map J® gives rise to a
so-called affine Lie group action A of G on (g*)* satisfying J® o by =Ag 0J? for every g €G.

Proposition 6.6. Let J® be a momentum map for the k-polycosymplectic Lie group action ® with an associated co-adjoint cocycle o
Then,

(1) the map
A:Gx (@) 3 (g ) — AdY p+0(9) = Agn e (g9,
is a Lie group action of G on (g*)X,

(2) the k-polycosymplectic momentum map J® is equivariant with respect to A, in other words, every g € G gives rise to a commuta-
tive diagram

Jd)
M —— (g")*

kbg lAg

J(p s\k
M — (g9

Again, the proof of this proposition is the same as in the k-polysymplectic case, i.e. like in Proposition 6.6.
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Note that A can be rewritten in the following way

Adg .. 1 = (Ady (1) + 01 (8), .. Ady (1) + 0¥(8)
= (AN g u), ., Al 1)) e (@M,

which gives rise to defining k Lie group actions

A%: (g, %) eC xg*HAd’g‘,l(z?)—i-a“(g) cg*, a=1,...k.
6.3. k-Polycosymplectic Marsden-Weinstein reduction theorem

This section presents a k-polycosymplectic Marsden-Weinstein reduction procedure by means of a particular type
of k-polysymplectic Marsden-Weinstein reduction. Similarly to the cosymplectic case in Section 3.2, one can extend a
k-polycosymplectic manifold to a k-polysymplectic manifold of a special sort: a so-called fibred one. Moreover, the k-
polycosymplectic momentum map J® : M — (g*)¥ related to a Lie group action ®: G x M — M gives rise to an extended
momentum map of an extended Lie group action defined on a manifold R¥ x M endowed with a k-polysymplectic fi-
bred structure. Then, the k-polycosymplectic Marsden-Weinstein reduction boils down to a Marsden-Weinstein reduction,
devised in [51], of a k-polysymplectic fibred structure on R¥ x M.

Theorem 6.7 illustrates how a k-polycosymplectic manifold (M, T, ®) gives rise to a k-polysymplectic fibred manifold
(R¥ x M, ®) with the so-called k-polysymplectic Reeb vector fields and vice versa. We will show that the k-polysymplectic
fibred manifold admits a global symmetry.

Theorem 6.7.Let @ € Q2(M,RK), T € Q'(M,R¥), and let pry : R¥ x M — M be the canonical projection onto M. Let
u = (u',...,u%) be a natural global coordinate system in R¥. Then, (M, T,®) is a k-polycosymplectic manifold if, and only if,
(RK x M prMa) +du A pri; T = ®) is a k-polysymplectic manifold, where du = du® Q e, admitting some vector fields Ri... Rk

on R¥ x M, so-called k-polysymplectic Reeb vector fields, such that '%, of = —Sgdu"‘ and Rquf = Ofora,B=1,...,k

Proof. First, note that @ decomposes into k components, which, in view of the proof of Lemma 3.12, yields that @ is closed
if, and only if, @ and t are closed.

Second, let us show that if (M, T,®) is a k-polycosymplectic manifold, then @ is non-degenerate and it possesses k-
polysymplectic Reeb vector fields.

By Proposition 4.6, there exists a familX of Reeb vector fields Ry,...,Ry on M for (M, T,w) that can be lifted, in
a unique manner, to vector fields R1, ..., Ry € ¥(R¥ x M) so that Rgu® =0 for , 8 =1,...,k and they project onto

Ri,..., Ry via pry. By construction of @, it follows that ﬁl,...,ﬁk satisfy Lk‘aa)ﬁ = —85dug for o, B =1,...,k and they
become k-polysymplectic Reeb vector fields for ®.
Assume that X € X(R¥ x M) takes values in ker(pry,;@ 4+ du A pry;T). Then,

La/auatx(zN)ZO — prl’*M‘CO[ZO, a=1,...,k.

Hence, X takes values in ker pry, T. Then,

lﬁatxg)zo = Xu®*=0, a=1,...,k.
Therefore,
txpry@=0

and X =0 since ker du N ker pry;T N ker pry,@ = 0. Hence, ® is non-degenerate.

Third, and the other way around, if (R¥ x M, ®) is a k- polysymplectic manifold with k-polysymplectic Reeb vector fields
and X takes values in kerw Nker 7, one can lift X to a vector field XonRxMina unique way so that prM*X X and
tzdu = 0. It follows that (3@ = 0 and X =0 since & is assumed to be non- degenerate. Hence, X = 0, which shows that
kerw Nkert =0.

Let us prove that the k-polysymplectic Reeb vector fields R1, .. Rk project onto vector fields on M spanning a distri-
bution of rank k equal to the kernel of . Note that P = —8Adu°‘ for «,8=1,...,k Since @ is a k- polysymplectlc
form and invariant relative to the Lie derivatives with respect to 8/du’, 8/3u" it follows from the definition Ry, ..., Ry
that ga/auottﬁﬂ(:) =0 and then L[a/aua"féﬂ]aj =0 forevery o, 8=1,..., k Hence Ri,.. Rk project onto M. Then, for every
o,B=1,...,k, one has that

1§, @ =g, priye@”® + (g, duP)priy TP — (i pryThHduf = —du®sL
where we stress that there is no sum over the possible values of 8 or « as indicated by the hatted indexes. Hence, again
without summing over S,
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La/asgtﬁaaﬂ =—ig oyl =-8 = (i, I Re) =8y, Va.p=1.....k, (6.2)
and
i, Pry@ =0.

The condition (6.2) yields that the vector fields prm*ka = Ry with @« =1, ...,k, span a distribution on M of rank k taking
values in kerw. The rank of D = kerw cannot be larger than k. Otherwise, there would exist a non-zero tangent vector
vy € kerw Nkert since the annihilator of (t!|p,...,7¥|p) in D would be non-zero and we have already proved that
kerw Nkert =0.

The first, second, and third points proved above give the searched equivalence between a k-polycosymplectic manifold
(M, T, ®) and a k-polysymplectic manifold (R¥ x M, ®) having k-polysymplectic Reeb vector fields. O

Definition 6.8. The k-polysymplectic manifolds satisfying the hypotheses of Theorem 6.7 are called k-polysymplectic fibred
manifolds. In particular, (R¥ x M, pri,@ +du A pri,;T =®) is called the k-polysymplectic fibred manifold associated with the
k-polycosymplectic manifold (M, T, ®).

Remark 6.9. The condition on the existence of the k-polysymplectic Reeb vector fields Ry in Theorem 6.7 is essential to
ensure that a k-polysymplectic structure on R¥ x M gives rise to a k-polycosymplectic one on M. Consider for instance the
manifold M = R* with natural linear coordinates {x, y, w, v} and the closed differential forms in M given by

l =dy, 2=dx, ow'=dxadw, o’>=dynadv.

These give rise to T=T7' ®e; + 1> ®ey and @ = 0! ® e; + w? ® e;. We can construct the closed differential forms
@', & € Q2(R? x M) given by

1

d'=w'+du' At =dxAadw +du’ Ady,

2

@ =w? +du’ A2 =dy Adv +du? Adx,

which in turn give rise to the R2-valued differential form & = @! @ e1 + @* ® e € 2(R? x M, R?). Since ker®! =
(3/0u?,8/9v) and ker@? = (3/9u', 3/dw), it is clear that

ker @ = ker (53] ®er+ @ ® ez) =ker®' Nker@* =0,

and hence (R? x M, ®) is a two-polysymplectic manifold. A simple computation shows that @ has no two-polysymplectic
Reeb vector fields. Now, although

kert Nkerw =kert! Nkert2 Nkerw! Nkerw? =0,

the rank of ker w! Nkerw? is not 2, and thus (7, ®) cannot be a two-polycosymplectic structure on M.

Let (M2, h,J®) be a G-invariant k-polycosymplectic Hamiltonian system. Then, a Lie group action ® : G x M — M with
an associated k-polycosymplectic momentum map J® : M — (g*)* extends to R¥ x M in the following way

®:G6 xR x M3 (g,u,x) —> (u, ®(g,x) e RE x M, (6.3)
and a mapping

12 RE x M 3 (1,0 — J2 () € (a9, (6.4)
for every (u,x) € R¥ x M and every g € G. Note that Ja’ is a k-polysymplectic momentum map for ® relative to the k-
polysymplectic manifold (R¥ x M, ®) by extending the k-polycosymplectic manifold (M, 7, ). Let us provide Lemmas 6.10

and 6.11 whose proofs are a straightforward consequence of previous facts and the relation prgr o ®z = prgr, where
pri : R¥ x M — R, is the natural projection onto R¥, for every g € G.

Lemma 6.10. Assume that the hypotheses of Theorem 5.10 remain valid. If (R¥ x M, ®) is a k-polysymplectic manifold, then
P = R xpry (0P ) = R x P ). 15 w6l = RS x (1P (w/Gy )

for every p € (g*)X, where the quotients jo-1 (1)/Gy and Jje-1 (;L)/Gﬁ are relative to the actions of Gﬁ on J®-1 (m) and J*~1(w),
respectively.
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Lemma 6.11. A k-polycosymplectic momentum map J® : M — (g":)k is A-equivariant with respect to a Lie group action ® : G x M —
M if and only if the associated k-polysymplectic momentum map J® : R¥ x M — (g*)¥ is A-equivariant relative to ®:GxRKxM—
Rk x M. Addltlonally, e (g* )k is a (resp. weak) regular value of J® if and only if p. is a (resp. weak) regular value of_l‘I> Moreover,
32 1() = R* x J®=1(u) and )21 () is quotientable by Gy ifand only if J*=1 () is so.

The k-polysymplectic Marsden-Weinstein reduction Theorem 5.10 provides the conditions (5.3) and (5.4) to ensure the
existence of a k-polysymplectic structure on J®~! (;L)/Gﬁ. Note that Lemmas 6.11, 6.12, and 6.10 allow us to see that
the k-polysymplectic fibred manifold induced by a k-polycosymplectic one has some required conditions to perform a k-
polysymplectic reduction. Moreover, the k-polysymplectic Reeb vector fields on R¥ x M are tangent to J<l> (), because
Ri,..., Ry are tangent to J®~1(;) and project onto the quotient manifold as they are invariant relative to the action of d.
Note that Theorem 6.13 analyses the previous result and ensures that the reduced k-polysymplectic form, which is defined
on a manifold of the form J*~'(u)/G4 ~ R¥ x M, is fibred and so related to a k-polycosymplectic form on M. This
finishes the development of a k-polycosymplectic reduction manifold theory. The reduction of Hamiltonian systems will be
dealt with after this.

Lemma 6.12. Let (M, T, @) be a k-polycosymplectic manifold and let (R¥ x M, ®) be its associated k-polysymplectic fibred manifold.

If
k
To(G30 =) ((kerw;;‘ Nkerr%) +Tx(cﬁ5x)) NTJ® 1 (n) (6.5)
a=1
and
D __ o o d—1 A¥
kerTy), =kerwy Nkert,' +TxJ" (1) + Tx(G e X) (6.6)

for every x € J®~1(w), then expressions (5.3) and (5.4) concerning the extensionsJE’ and  to R x M of J* and ®, namely

ker(TpJd) = Tp 0%~ (1)) + ker & + T, (G p)
and

k ~
T,GAp = (kerfo;’,‘ +Tp(GﬁZp)) NT,0% ().

a=1
for every p = (u, x) eﬁ"] (m)yandalla =1, ..., k, are satisfied.

Proof. Given the canonical projection pry, :R¥ x M — M and the natural isomorphisms Tu.x) (R¥ x M) ~ T,Rk @ T4M for
every (u,x) € R¥ x M, it follows that, for & =1, ..., k, one has that

(ker pri;@®) u.x = TuR¥ @ ker wy, (ker pry; T w.x) = TuR¥ & ker 7, 67)
(ker du®) . = AL B TM, '

where A§ = T.R¥ N (kerdu®),x) and kerwy, ker Ty C TxM for every (u,x) € R¥ x M. The contraction of &@* with 3/du®
and the extended Reeb vector fields R, ..., Ry on R¥ x M give, along with (6.7), that

(ker @% ) u.x) = (ker pry;w® Nkerdu® Nker priy; %) w.x
= (T,,R" ® kera))‘f) N (A§ ® TxM) N (TuRk @ ker rf‘) = A§ @ (kerw§ Nkerty), (6.8)

for every (u, x) € R¥ x M. Moreover, it follows from the extension formulas (6.3) and (6.4) that .Z & JE’ =0 and . du =
u? x
0 hold for every £ eg and o =1, ..., k. Hence,

T (G (1, X) =Ty(GRx) Taod® () = TuRF @ T, 4% ()

_ (6.9)
T (Ghe . %)) =Tx(Ghax),  ker(Tun)3) =TuR* @ ker TJg |

for @ =1,...,k and arbitrary u € R¥ and points x e]‘l’f1 (). Then, condition (5.4) for our k-polysymplectic fibred manifold
can be written as follows
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k

Tx(Gp%) =Tawy (Gﬁ(u, X)) = <(ker67)°‘)(u,x) +Ty (Gﬁgx)) AT ()

a=1

k
=N (Af,‘ @ (kero Nker ) + Tx(Gﬁgx)) N (TuRk OTJ®! (u))
a=1

k
= ﬂ [(kera),‘f @ kert) +TX(Gﬁgx)] NTJ*'(n), (6.10)
a=1
and (5.3) amounts to

TuR¥ @ ker TJ§ = ker Ta ) = T 07 (1)) + ker & + Tan (Gﬁz (u, X))
=TuR* @ TJ* ' (0) + AL ® (kero? Nkertf’) + Ty (Gﬁzx)
—T.R* @ (kera)g‘ Nkert® + TJ® 1 (1) +Tx(cﬁ§x)) . (611)

where we have used (6.7), (6.8), and (6.9), for every (u,x) € R¥ x J*~1(n), every p € (g")%, and o =1, ..., k. Thus, (6.10)
and (6.11) amount to the conditions (6.5) and (6.6). This finishes the proof. O

Note that, in view of Lemma 6.12, if (6.5) and (6.6) hold, Theorem 5.10 yields that a k-polycosymplectic manifold
(M, T,w) ensures that its associated k-polysymplectic fibred manifold (R¥ x M,®) gives rise to an induced reduced
k-polysymplectic manifold (]‘1"1([L)/GA,E),L). It is left to prove that this latter one amounts via Theorem 6.7 to a k-
polycosymplectic Marsden-Weinstein reduction (J®~1(u)/G2, Ty, wy) of our initial k-polycosymplectic manifold (M, 7, ®).

Theorem 6.13. Let (M, T, ®) be a k-polycosymplectic manifold and let J® : M — (g*)¥ be a k-polycosymplectic momentum map
associated with a k-polycosymplectic Lie group action ® : G x M — M. Let p € (g*)* be a weak regular value of J* and let J*~(n)
be quotientable by G ﬁ. Moreover, assume that

k
Te(GAx = ) (kerwfj Nker ¥ +Tx(c;ﬁgx)) AT (). (612)
a=1
and
o _ o o d—-1 Ay
kerTyJ, =kerw; Nkert, + T\~ " (1) + Tx(GMu X), (6.13)
forevery x e J*~1(w) and @ = 1,...., k. Then, J®~1(1)/G4, T, ®y) is a k-polycosymplectic manifold such that T, and @, are

defined univocally by
JT;ZT,L = ];"l', n,’jwﬂ = ];i(z),

where jp, :J*~1 () = M is the natural immersion and 7y, : J*~ () — J®~! (;L)/Gﬁ is the canonical projection.

Proof. Consider, as standard, the k-polysymplectic manifold (R¥ x M, ®), the extended action ®: G x R¥ x M - RK x M

and its associated k-polysymplectic momentum map J® : R¥ x M — (g*)*. We write {u!,...,u¥} for a standard coordinate
system on Rk that gives rise, in the standard way, to k coordinates on R¥ x M that will be denoted in the same manner.
According to Lemma 6.11, if u is a weak regular value for J®, then p is also a weak regular value for J®. Additionally,
J®~1(w) is quotientable by the restriction of ® to G4 if and only if J*~!(u) is so relative to the restriction of the Lie group
action @ to Gj.

Lemma 6.12 ensures that the conditions (6.12) and (6.13) imply that the conditions (5.3) and (5.4) for the k-
polysymplectic Marsden-Weinstein reduction on J®~1(p) hold. Hence, it is possible to accomplish a k-polysymplectic
Marsden-Weinstein reduction on R¥ x J®~1(u). Let us now prove that the resulting reduced k-polysymplectic manifold
is a fibred one.

The k-polysymplectic manifold (R¥ x M, @) admits, by the assumptions of the present theorem and Theorem 6.7, some
k-polysymplectic Reeb vector fields R1. ...,jfk that are tangent to J®~'(u) because the Reeb vector fields Ry, ..., Ry for
(M, T, ®) are tangent to J®~!(n) and pry,Ry = Ry for o =1, ..., k. The Reeb vector fields Rq,..., Ry are invariant under
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the action of Gﬁ via ®. Therefore, the extensions §1, e ﬁk, which also satisfy ﬁauﬁ =0fora,B=1,...,k, are also invari-
ant relative to the action of Gﬁ via ®. Then, the projections of the restrictions of Ry, ..., R to J®~1(u) onto J‘I’*l(u)/Gﬁ

are k-polysymplectic Reeb vector fields ﬁm, ey ﬁkﬂ on the reduced k-polysymplectic manifold (ja"l(u)/GA, @p).

Furthermore, the vector fields 8/du’, ..., d/duX project onto J*~(w)/G2, which is diffeomorphic to R¥ x a* ' m/Gp)
by Lemma 6.10, and their projections are linearly independent. In fact, the contractions La/auﬁt’k‘aa) are projectable from

J2-1(u) onto J*-1 ()/Gy, and proportional, up to a non-zero constant, to s

Now, let us show how the reduced k-polysymplectic manifold <1\//I§ :Ja"1(u) /G4, (T),L) gives rise to a k-polycosymplec-
tic structure on Mj =J®~'(u)/G%. Consider the embedding ¢y : x € J*~' (1) > x> (u.x) € R¥ x J*~1(u) for any u € R¥.
Using Lemma 6.10, we can define a reduced k-polycosymplectic structure on M ﬁ via @y, as follows

a=1
Since @y, is closed and % pue @y =0 for a =1, ..., k, it follows that ®, and T, are closed forms. Let Prya ‘RK x Mﬁ >

Mﬁ and 7y :_IE’*](;L) — Mﬁ be the canonical projections. Then, the reduced k-polysymplectic form can be expressed as

@y = pr*Mﬁ @y +du A pr*Mﬁt’L' Indeed, this expression satisfies previous relations with @, and t, and, more importantly,
o~k * gk e
ﬂﬂ(pl‘Mﬁwll,+du/\pl‘MﬁTﬂ)—jﬂ(d, (6.15)

which determines univocally the k-polycosymplectic reduced structure on M ;‘L. To prove (6.15), note that both sides vanish

on pairs of tangent vectors belonging to T,R¥ understood as a subspace of Taxn]® (@) ~ TuR¥ & T,(J®~1(1)). Moreover,
due to the first expression in (6.14) both sides of equality (6.15) take the same values on pairs of tangent vectors of the
space T,J® (). Finally, given two tangent vectors belonging to T,R¥ and T, J®~!(m), respectively, a short calculation
shows that both sides also match, which, along with previous facts, yield that (6.15) holds.
Since (RK x J‘I’*l(u)/GA,pr*MAa),L + du A PT*MAT;L) is a k-polysymplectic manifold by Theorem 5.10 and it admits
w w

k-polysymplectic Reeb vector fields, then (IWA,wu) is a k-polysymplectic fibred manifold and Theorem 6.7 gives that
(M ﬁ, Ty, ®y) is a k-polycosymplectic manifold.
Let us prove that

Jp@=Tu®0p,  JuT=T,Tu. (6.16)
It stems from (6.15) that

7 (prfwﬁwﬂ +dun Pr;,,ﬁ'fu) =Tn (pry@ +du A pryT),
which amounts to

(prMﬁ ofy) wy +du A (prMﬁ oMy) Ty =(pry o Ju) @+ dun (pryoju)T. (6.17)
Composing on both sides of the last equality by ¢};, one gets

(prMﬁ oMy oty) @y = (Pry o Juotu)*®
and since j, = pry o Ju oty and Prya o 7y oty =7y, one has that

Tp@u = Jp®,

which proves the first equality in (6.16). Composing (6.17) with 9/9u’, ..., d/0uk and repeating the above procedure, we
get the second equality in (6.16). O

Theorem 6.14. Let the assumptions of Theorem 5.10 be satisfied. Let X" = (X", ..., X,’z) be a k-polycosymplectic Hamiltonian k-vector
field associated with a G-invariant function h € €°° (M) relative to the Lie group action ®. Assume that ® g*Xh =X" forevery ge G

and Xy, is tangent to J®~1 (). Then, for every a = 1,..., k, the diffeomorphisms FY of the flow of X! leave J*~'(p) invariant and
induce unique diffeomorphisms K& on J®~1 (;L)/Gﬁ satisfying 7wy, o F¥ = K& o .

Proof. Given the assumption that a k-polycosymplectic Hamiltonian k-vector field X" is tangent to J®~1(p), it follows that
each integral curve F¥ of X! with initial condition within J®~7(u) is contained in J*~1(u) for all the values of its parameter
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seR and ¢ =1,...,k. Since d>g*Xh =X" for every g € G, one has that fgmxg =0 for ¢ =1,...,k. This yields a reduced
k-vector field Y = (Y1,..., Yy) defined on the quotient manifold J*~(u)/Gy;, such that 7z o F¢ = K& oy, where K¢ is the
flow of Y, for « =1, ..., k. Furthermore, the G-invariance of h € ¥°° (M) yields that there exists a reduced Hamiltonian
function hy € €°(®~'(w)/Gy) such that mphy = juh.

Next, let us verify that Y is a reduced k-polycosymplectic Hamiltonian k-vector field associated with hy . Indeed, the Reeb

1} D
vector fields Ry, ..., Ry are tangent to J®~1(u) and give rise to linearly independent vector fields RJ1 el Ri on J®~T(n).
Due to this fact and Theorem 6.13, it follows that

drghy =djph = j (@ + (Reh)TY) = 150 Jp @ + (Rg];h)]ﬁfa)
= lyn Ty @p + (Rfﬂ;hu)n;rﬁ) =7, (ly @y + (Rauhﬂ)rﬁ),
where we denoted by X" both a k-polycosymplectic Hamiltonian k-vector field on M and its restriction to J®~1(x). More-
over,
n,’;(tyu r,’,‘cf) = Lxg(n;r,’f) = J;i(‘xg ) :85.
Therefore, Y is a reduced k-polycosymplectic Hamiltonian k-vector field such that T[,L*Xh =Y and 7y o F¢ = K¢ oy holds

fora=1,...,kand seR. O

Additionally, Theorem 6.14 could be established via k-polysymplectic reduction, i.e. Theorem 5.10, by extending the
Hamiltonian function h € €°(M) to R¥ x M. Let us study this in some detail.
Consider the extended Hamiltonian function h € €°°(R¥ x M) given by

k
hu.x)=hx - u*  VxeM, Vu=(uy.....u)eR"

a=1
Recall that a k-polycosymplectic Hamiltonian k-vector field X" associated with h satisfies the following equations
Lxhw:dh—(R,gh)t’S, txﬁr:e“, a=1,...,k.
Then, our aim is to extend X" to a k-polysymplectic Hamiltonian k-vector field X" associated with fi. It can be verified that
X" of the form
e a
h _ yh
X' =X +(Rah)8ua,
satisfies the required conditions for a k-polysymplectic Hamiltonian k-vector field on R¥ x M relative to @, namely
k k
i @ =ty © + (RgNTF =3 " (1xe T)du® =dh — ) " du® =dh,
a=1 a=1
where we have used the natural isomorphism Ty x) (R¥ x M) =~ T,R¥ x TyM for every (u,x) € R¥ x M. Therefore, X" is a

k-polysymplectic Hamiltonian k-vector field on R¥ x M related to he %> (R¥ x M) with respect to @. From Theorem 5.11
and Lemma 6.11, it follows that the reduced k-polysymplectic Hamiltonian k-vector field X’;L has the following form

i d
X, =X, + (Rap M)z -

Consequently, X’}L projects onto _lq’”(;l,)/Gﬁ and its projection is X’;L. It is immediate that the latter gives the desired
reduction.

7. Examples
7.1. The product of cosymplectic manifolds

This section presents an illustrative example of the k-polycosymplectic reduction of a product of k cosymplectic mani-
folds. For simplicity, we will assume some technical conditions.

Let M = Xi;:] M, for some k cosymplectic manifolds (Mg, 57, @f;) for @ =1,... k. If pr, : M — M, is the canonical
projection onto the a-component, (M, Z’;:] pPryTy ® eq, Z';:] prywy; ® eq) is a k-polycosymplectic manifold. Moreover,
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assume that a Lie group action ®% : G4 x My — M, admits a cosymplectic momentum map J‘Da : Mg — g;, for each
o =1,...,k and each ®% acts in a quotientable manner on the level sets given by regular values of J®*.
Then, define the Lie group action of G =G1 x ... x Gy on M as

P:GxM>3 (g1, 8k X1o .o Xi) > (Pg (X1), ..., D (X)) € M.
Moreover, let g =g1 X ... X g, be the Lie algebra of G. Then, we have the k-polycosymplectic momentum map

J:M 3 (x1,.ox0) —> I (x1), .. ]P0 (x0) € g,

where g* = g7 x ... x g is dual space to g. Suppose, that u* € g, is a regular value of J%« : My — g}, foreach o =1,... k.
Hence, = (', ..., 1% e (g*)¥ is a regular value of J. Then, ® acts in a quotientable on the associated level sets of J.
Therefore, if x = (x1,...,x;) €J~1(w), it follows that

ker Ty =Ty, M1 @ ... @ ker Ty J¥* @ ... ® Ty My,
T (7' () = ker Ty, J*' @ ... @ ker Ty, J*,
kerwg Nkerty =Ty M1 @ ... ® Ty, ;Ma—1 {0} & Txy,  Mat1 D ... DTy, My,
T, (Gﬁfjx) =Ty, (G1x1) ® ... DTy, (Gﬁzaxa) D ... 0Ty (Gexe) .

1 k
T (GhX) =Tu (Ghx ) @ @ T (G

Then,
kerTuJo = Tx (7' (1)) + ker Nkert,

Ty (Gﬁx) = ﬁ (kerwf Nkertl +Ty (Gﬁgx)),

for @ =1,...,k and every regular g € (g*)¢ and x € J~'(st). Recall that, by Theorem 5.10, these equations guarantee that
the reduced space J~1(u)/ G;‘L can be endowed with a k-polycosymplectic structure, while

I /Gl =30 /G X x I /G

7.2. Two coupled vibrating strings

Consider the manifold M = R? x @*T*R? with adapted coordinates {t, x; q', g%, p}, p¥, p}, p}} and the standard associ-
ated two-polycosymplectic structure

T=dt®e; +dx®ez,  ®=(dg' Adp}+dg® Adph) ®eq+ (dg' Adp} +dg® Adp}) ®es.
Consider the Hamiltonian function h € ¥°°(M) given by
1
h(t.x.q',a% b}, b5, P, PD) = 5 ((pﬁ)2 +(PH* — () - (p’z‘)z) +C(tx.q" — g%,

where C(t, x,q' —g%) is a coupling function between the two strings. This system admits a Lie symmetry given by

£y = ad n a
M= 91 " aq2
associated with the Lie group action @ : R x M — M acting by translations along the q! + ¢ direction, namely
®:(h:t.x.q'.q% py.ph. pY. p3) 3R x M (t.x.q" +A.q* + A, p}. ph. p}. p3) € M.
The Lie group action & gives rise to a two-polycosymplectic momentum map J® given by
1% (t.x.q'. q% ph. ph. pY. pY) € R? x @7 T'R? > (pf + pb. p} + p%) = (u!. u?) = p € (R*)2.
Consequently, the level set of the two-polycosymplectic momentum map J® is as follows
1PN = (. x.q" . q%, p§. " — ph. pY. ® = pY) e M (6. x.q". ¢, pY. pY) € R).
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It is immediate that g = (!, u?) is a weak regular value of J® and J® is Ad*2-equivariant. Note that J*~!(u) ~ RS and
R =Gy =Gpye for o =1,2. Then,

o 9 0 a 9 9
> ., (kerw?Nkert )m_<— — _>

kerow!' NkertHy ={(—, —, —
( Jm <ax apy ap3 /., at’ apt’ ap,

at’ ax’ aql’ 8q?” apY  apy’ ap%  aph/,,
and, indeed, the conditions (6.12) and (6.13) hold.

Recall that the dynamics on M is given by a two-polycosymplectic Hamiltonian two-vector field. Therefore, let us con-
sider a general two-vector field X" = (X, X1) € X2(M) with local expression

9 9
+C

— +C; 1%
o 8p)2(

¢ 0 9 1 0 2 0 ¢ 0 X
X =A,— + A, — +B, + B +Cy1— +C T
apz

oaf 3_ w aaqz alq ¢ 3p1 al g X Bp
Imposing the two-polycosymplectic Hamiltonian equations (4.2), the previous two-polycosymplectic Hamiltonian two-vector
field X" = (x", Xg) must be of the form

P S S G 8+C el
1 at 1aq1 28q2 11 apg 11 3P1 128pt lZapx’
d d ad a aC ] a aC 0
e et (s ) D ()0
2= 5 D1 aq1 p28q2 21 opt 1T 5 op" 223p2 3q 12 op}
where g =q! —¢? and C{;, C¥,, C%,, C},, C4;, CL, € €°°(M) are, in principle, arbitrary functions.
Its integral sections, with t, x being the coordinates in its domain, satisfy
X

op’ ap* 9 ap! ap!
quzﬂ X — pi X — P; ct — p; cto— Py

at = 5t - 127 5t 27 ox 27 ax
aC _ ap} ac . oph

—Cjy— = ’ oo ===
aq X aq ax

This system of PDEs is integrable when [X", X’z’] =0, for instance, if C = qF(x) +?(t,x) for arbitrary functions ?(t, X),
F(x), while Cn, s Cﬁz, C1,. Cgl,C‘2 vanish. Then, to apply Theorem 6.14, we require X" to be tangent to J®~!(u) and
LeyXo =0 for @ =1,2. Thus, Cj, +C§; =0, Cf; +Cf, =0, and C5; + C5, =0 and Cj;, C¥; must be first-integrals of &y
for i, j =1, 2. A two-polycosymplectic Hamiltonian two-vector field gives rise to the following Hamilton-De Donder-Weyl

equations

o' dq’ 09 3> ‘
ot P TP e TP TR
apy , opf __aC apy vy _oC
ot ax aq’ ot ax g’

Since G =R acts on J®~1(n) by translations along the q' + q? direction, the Lie group action & is free and proper.
Therefore, J*~1(u)/G,, is a smooth manifold and

197 () /Gy =R x T'R?/R ~R? x R?/R x R~R? x R x R?.

Then, on the reduced manifold J*~(u)/R, the reduced two-polycosymplectic structure reads
T,=dt®e;+dx®e;, wu=dgAadpi®e+dgArdp®e;.

Indeed, it becomes a two-cosymplectic structure since
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9 9
1<erwu=<a,a>, kerty Nkerwy =0.

The reduced dynamics on J®~1(p)/R is given by the reduced two-polycosymplectic Hamiltonian two-vector field X"« =
he

(X;", X,") of the form

hy 0 a ¢ 0

t
X] a—i—l?a—q—i-zcna—pt

d d d aC 0
Xt = 2 pr_ach, - —2 () ) =
ax aq ap aq ) dap
where hy = X ((pH? + (p)% + (uh)? — (u?)?) + C(t, x,q) is the reduced Hamiltonian function, where p‘ = p{ — p} and

p* = p{ — p3. A reduced two-polycosymplectic Hamiltonian two-vector field induces the following Hamilton-De Donder-
Weyl equations

99 _ _ x 99 _ ¢

’

0
+2Cf—
ap*

’

)

ax at
apt  ap* oC
et apt o€
at Y aq

Let us generalise some of the ideas of the previous example. The starting point is the following proposition, whose proof
is an immediate extension to the k-polycosymplectic realm of results in symplectic geometry.

Proposition 7.1. Let ® : G x Q — Q be a Lie group action. There exists a Lie group action d:G x R* x @ﬁ:l T*Q — Rk x
@ﬁzl T*Q of the form

k
D(g.x,q, p*) = (X, (£, 9), (Tag.q Pg-1)*p*) eR* x PHT*Q.
a=1

This Lie group action is k-polycosymplectic relative to the canonical k-polycosymplectic structure on R¥ x @I‘;:] T*Q with the unique
momentum map J® : RK x @k _, T*Q — (g*)* such that

~ k
0°(.q.p").6) =15, p(@. VEeg', Vx.q.pY)eR'xPTQ.

a=1

Moreover, J® is Ad**-equivariant.

Proposition 7.1 implies that one may accomplish a k-polycosymplectic reduction relative to the level sets of J®, provided
our technical conditions, e.g. (6.12) and (6.13), are satisfied. In fact, the reduction procedure accomplished in the example
of this section is nothing but a particular case of this construction for a Lie group symmetry. It is relevant to stress that
this procedure does not allow for a reduction involving the variables of R¥. Physically, this reduction involves the variables
of @f;:] T*Q, namely the so-called fields and their momenta. Meanwhile, the variables in R¥, which are physically related
to space-times and other manifolds where the problem under study occurs, cannot be reduced. To do so, we will develop a
new method described in the next section.

8. A k-cosymplectic to £-polycosymplectic reduction

This section performs a Marsden-Weinstein reduction from a k-cosymplectic to an £-cosymplectic manifold. Moreover,
our procedure may allow, under certain conditions, for the further successive application of the techniques developed in
previous sections to obtain a smaller £-polycosymplectic manifold. To simplify our presentation and avoid explaining trivial
results, we hereafter assume ¢ < k. In physics, this permits us to develop Marsden-Weinstein reduction techniques for
field theories involving the elimination of space-time variables, which is not possible via the approaches described in the
previous sections since the fundamental vector fields of the involved k-polycosymplectic Lie group action took values in
kert. It is worth noting that the reductions developed in this section represent a rather pioneering and non-standard
approach in the literature, which is frequently based on other methods, e.g. principal bundles and Lie group actions not
involving the reduction of base manifolds [14,15]. Moreover, we will hereafter give conditions allowing for the reduction
of the HDW equations on a k-cosymplectic manifold to the ones in the reduced ¢-cosymplectic manifold and its potential
further £-polycosymplectic reductions.

This section is restricted to the study of a canonical k-cosymplectic manifold (M; =Rk x @ﬁl:l T*Q, Tk, wi) with its
natural polarisation V. It is worth noting that, in virtue of the Darboux’s theorem for k-cosymplectic manifolds [23], every
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k-cosymplectic manifold is locally diffeomorphic to (My, Tk, @x). Hence, our results apply, locally, to every k-cosymplectic
manifold. Let us start by accomplishing a k-cosymplectic to £-cosymplectic Marsden-Weinstein manifold reduction. As be-
fore, {e1, ..., ek} is a basis for R¥, while 7 = 1% ® ey € Q1 (My, R¥) and wy = 0 ® ey € 22(My, R¥). Recall that the sum
over repeated crossed indexes of a particular type will be over its standard range, e.g. o ranges from 1 to k, unless a
summation symbol indicating otherwise is used. It is worth stressing that all results to be hereafter described are local.

Theorem 8.1. Let (My, Ty, @i, V) be a canonical k-cosymplectic manifold, let ® : G x My — My, be an associated k-cosymplectic Lie

group action, and let {T', ..., T%} be a basis of the linear subspace (over the real numbers) of (t', ..., T%) vanishing on the space W of
fundamental vector fields of ®. Assuming, without loss of generality, that the last k — ¢ differential one-forms in the basis {t?, ..., T}
are linearly independent as linear forms on W, we set T8 = C‘Z T¥ for certain unique constants c,, witha =1,...,kand 8 =1, ..., L.

We define T = Zfs:] cg " ®egand @ = ng:] c'z[ o @ eg. If the map

k ¢
mi&L g p L P eR P TR— &L kg bl P e R x (P TQ

a=1 a=1

is the canonical projection, then (M, = R¢ x @ﬁ[:] T*Q, T¢, wy¢) is an £-cosymplectic manifold with
T*wy =, T Ty =T.

Furthermore, there exists a Lie group action ®, : G x My — M, that is equivariant relative to 7.

Proof. Let {x%, y/, p‘]’.‘} denote locally adapted coordinates to (Mg, Tk, @), namely

; 0
wk=dyj/\dp?®ea, Ty =dx* Qeq, Vk=<—

Ql

Since ®w, = wy for every g € G, then kerwy = <8/8x1, ey 8/6x"> is G-invariant with respect to the lifted Lie group action
of ® to TMy. Furthermore, as <I>§rk = 1}, for every g € G, there exists a local linear Lie group action @ : G x R¥ — R¥
whose space of orbits, around a point of R, is a quotient space, R¥/E, for a certain linear subspace E c R¥. Hence, R¥/E
has a natural structure of ¢-dimensional linear space.

Since T is closed and .,%Mktk =0 for every & € g, it follows that L, Tk is constant for each & € g. Therefore,
2 = (t!,..., %) can be considered as a linear subspace of the dual, W*, to the linear (over the reals) space W of funda-
mental vector fields of the Lie group action ®. Hence, there exists a linear subspace 2l C 2 consisting of the elements of
920 vanishing on W. Let {T', ..., T} be a basis of 2. Then, we can define 7# = cﬁa 7% and @’ = c’f;a)"‘ for some unique con-
stants ¢, where @ =1,...,kand B =1, ..., £. Note that T € Q1 (RF x @Ez:l T*Q,RY) and w € Q2(RK x @gzl TQ,RY. It
follows that T and @ are closed, since T, and wy are closed and the coefficients cﬁa, with o =1,...,k and B =1,...¢,
are constants. There exist new local adapted coordinates to M; obtained linearly from the previous ones, let us say
(X% = A%’xﬁ, y, f)‘}‘ = A‘/’S‘pf} for a certain constant (k x k)-matrix A%, such that

J4 14
EZZdyfAdpfe@e,g, T=) d¥’ ®ep.
B=1

B=1
Note that ker T Nker® is an integrable regular distribution on My given by
— _ a
kert Nkerw ={—, — .
ap§ ok [a=t41... ok

ji=1,..., dim Q

The pair (T, ®) is not a k-cosymplectic structure on My, but a k-precosymplectic one (see [35] for details).

The space TyMy/ (ker?ﬂker@)x is diffeomorphic to Ty M, for x € M, where M, = R¢ x @321 T*Q. Since T and
® vanish on the fundamental vector fields ker@ N kerT and are closed, they are projectable via the canonical projection
7 : M — M, onto M, giving rise to an £-cosymplectic manifold (M, T,, @), where T, and w, are the only differential
forms on M, taking values in R¢ so that

JT*TZZ?, 71'*(:)@:6.

Let & be any element of g. Moreover, Lng?= 0 and every & € g. Then, for every vector field X on M, taking values in
kerT Nker®, one has

U, X1® = Loy, Ix® — Lx Ly @ =0

30



J. de Lucas, X. Rivas, S. Vilarifio et al. Journal of Geometry and Physics 191 (2023) 104899

and, similarly, Usw, . x)T = 0. This implies that the fundamental vector fields of & project onto M, and give rise to a new Lie
group action ®¢: G x M, — M, equivariant to & relative to the canonical projection 7 : My — M,. O

The previous procedure can potentially be continued by using an ¢-polycosymplectic momentum map J, to perform an
£-polycosymplectic Marsden-Weinstein reduction according to the results of previous sections. Note that the fundamental
vector fields of ®° leave invariant @,, which means that, for each & € g, we have tgy, @¢ = dhg for a certain h; and
by construction ley, Te = 0. Nevertheless, we have to impose that Ryshg =0 for =1, ..., £. Note that the latter is not
satisfied in general: the initial ® is just k-cosymplectic and it is not ensured that it admits a k-cosymplectic momentum
map.

We shall now demonstrate how Theorem 8.1 induces some dynamics on the reduced space M, from one in M, satisfying
certain conditions. Recall that, in the reductions of k-cosymplectic structures treated in this section, the last coordinates of
T will be considered, without loss of generality, to be linearly independent as linear mappings on the fundamental vector
fields of ®.

Before continuing, let us set and recall some notation used and to be employed.

Original k-cosymplectic manifold and Hamiltonian k-cosymplectic k-vector field. ((Mk, T, W), Xh)

New k-cosymplectic manifold and Hamiltonian k-vector field obtained by making
linear combinations of the components in R¥ of @ and  to ensure that the first
£ components of T vanish on the fundamental vector fields of a k-cosymplectic Lie
group action.

(M, T, @), X"

An ¢-precosymplectic manifold and its k-vector field obtained by cutting the last —
k — ¢ components of the previous k-cosymplectic manifold and k-cosymplectic (M. T, @), X)
Hamiltonian k-vector field.

Projected ¢-cosymplectic manifold and its ¢-cosymplectic Hamiltonian ¢-vector ((M[ Ty, @0) Xhé)
field. e

Theorem 8.2. Let (M, T, @k, Vi) be a k-cosymplectic manifold and let ® : G x My — M), be an associated k-cosymplectic Lie group
action. Assume that h € € (My) and X" is an associated k-cosymplectic Hamiltonian k-vector field that is invariant relative to ®. Let
us consider that h is also invariant relative to the vector fields taking values in ker T N TR¥ while the Lie bracket of any component of
X" with any vector field taking values in ker T N ker @ takes values in the kernel of Trr. Let us suppose that Z'(;:Hl [Yg]f‘ =0 for
i=1,...,dim Q. Then, there exists a function hy € € (M) such that X"¢ is the projection of(i?, A ?’é‘) onto My and m*hy =h on
a submanifold of constant values of the momenta pf witha =£4-1, ..., kandi=1, ..., dim Q. The £-vector field X"¢ is Hamiltonian
relative to (M, T¢, ®¢) and the solutions for the HDW equations of h, are solutions of the original HDW equations for constant
associated momenta witha =€+ 1,...,k for T, o.

Proof. Let?g be the matrix of the change of bases mapping {t!,..., t¥} into the new basis
Th=pl . gl=gt ot =t TR =k,
and let Eﬁ be the inverse matrix, namely t¢ :Eg?ﬁ, for a, B =1,..., k. Define a new Hamiltonian k-cosymplectic k-vector

?ga)“ ® eg) of the form

field X" on My relative to (Mg, T =¢ht® ®ep, ®=
Xh=dyxl., a.p=1...k

Since’Eg is such that?gzég for f=¢+1,...,k and @ =1,...,k by construction of T, thenagzég for p=¢+1,...,k

and @ =1, ..., k. The relations between the new canonical coordinates in R¥ x @1;:1 T*Q and the previous ones are given
by
?ﬁ:?gx“, ﬁf:’cﬁpf‘ a,B=1,....k, i=1,...,dimQ,

while ¢',...,q%™Q are the same in the new and the old coordinate systems.
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If Eo, :EgRﬂ, it follows that
1@ =dh— ReMTY, 15 %F = 8. (8.1)

It is worth noting that if ¥ :s = (s',...,s%) e Rk > (x*(s), ¢/ (s), pi(s)) € R¥ x @a 1T*Q is a solution to the HDW
equations of the original X", then the same 1/f is a solution for the HDW equations for X" in the new coordinates Yis=
6L eR > @ (6,4 (5). ¥ (B) e RF x EBOC: TQ withs# =¢5s® for a, =1, ..., k, namely

axP 3 apY oh
%:55, a Z Pi M wp=1,..k i=1,...dmQ. (8.2)

Then, let us show there is a new ¢-vector field Xh on Rk x @’&:1 T*Q related to (R¥ x @ﬁ{:] T*Q,T, ®) of the form

satisfying

LXhEngh—Z(Eah)fa, Ry =Ry, a=1,...,¢,

a=1

where d, is the differential taking into account all canonical coordinates apart from X* and ’ﬁf’ fora=¢+1,...,k and
i=1,...,dimQ. If follows from (8.1) that

¢ k
> it + - Y e = e+ e Y
=1 " B=t+1 api B=t+1 et i
If we assume Zﬁ L’+1[X ] =0fori=1,...dimQ, then
[ [ ¢
oh oh —
_ﬂ _ i ~ _ _ J—
Ztyga) = 5+ > J5a 0P = dih > Reh)Ta. (83)
B=1 a=1 " a=1
In particular, the previous expression holds on the submanifold S; for Ef‘ = A?‘ for certain constants A?‘, witha=£¢+1,...,k
and i =1,...,dim Q. Note that the projection of this submanifold relative to 7 : M, — M, is surjective and open. By the
given assumptions, the restriction of h to S, is projectable onto a function h; on M. Since the Lie bracket of X" with
any vector field in kerT N ker® belongs to the kernel of T, it follows that the same applies to X" and (Y}{, ...,Y?) is
projectable onto M/, which implies that the Lie derivatives of the YI;, .. .,YZ with 9/0%¢t1, ..., 8/0%* and their associated
momenta belong to the kernel of Twr. And then, (8.3) projects onto M,. Moreover, Lya?ﬁ = 85 for o, 8=1,...,¢. These
facts show that the projection of (YI;, e, Y’Z) is Hamiltonian relative to the induced ¢-cosymplectic manifold (M, T¢, @¢).

The new local canonical variables are given by

=R, pY=pY i=1,...dimQ, a=1,....¢.

It is recommendable to take a look at the HDW equations for the £-cosymplectic structure. They take the form

axP g 9qt oy Ipy  dhy

= s — = T=7 — = ——, o, =1,...,€, i=1,...,dim .

ase — YT 9se T gp¥ 0; PR aq p Q
These are indeed the equations for the solutions to (8.2) with constant p{* with o =£41,...,k and such that h does not
depend on Xx¢41, ..., Xk. Hence, this allows us to reduce our problem. 0O

It is worth noting that if the fundamental vector fields of @ are tangent to the manifolds S;, then the function h, will
be again invariant relative to ® and a standard ¢-polycosymplectic reduction will be available if the reduction of & satisfies
certain additional conditions, e.g. that the reduction will have a momentum map.

Note that Theorem 8.2 gives some conditions ensuring that the k-cosymplectic Hamiltonian k-vector field X" can be
projected onto M,. These conditions are not the most general ones for the above theorem to hold. For instance, one can
assume that only the first £ components of X" are projectable.
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Let us apply our techniques to a vibrating membrane having an exterior force that depends only on the radial distance.
Let us recall that this system is determined by the Hamiltonian function h € € (R3 x @2:1 T*R) given by

h(.r.0.¢.p". p".p%) = ((p -5 L2 - Z—j(pg)z) —re ),

and the canonical three-cosymplectic structure on R> x @2_, T*R given by
T=dt®e;+dr®e; +do Qes, w=d; Adp' Qe +d¢ /\dpr®ez+d§/\dp0®e3.

A section
Y i(t,r,0) e R (6,1,0,¢(t,1,0), pl(E, T, 0), pX(t,T,0), pY(t,1,0)) € R® x Poy TR =: MY,

becomes a solution of the HDW equations of the three-cosymplectic Hamiltonian three-vector field xh — (X”, X“ X”) on
M} given by

¥+ 9 p'a ¥ 9 pa 9 = 9 rp?a

Xh=— g X =L 4 —, X=— - —

1 ar+ra¢ 27 o Czr8{+f()8pr 37090 ¢ ot
if

apt  ap”  ap’

? ?"F%—rf(r)»

g 1., 9 1 . T,

ot P or T @ T2t

Combining these equations, one obtains the well-known equation
¢ (3% 1ac  13%
— |l —=+-—+=
o2 (arz rar | r2e? =0,

of a forced vibrating membrane in polar coordinates. Let us assume a reduction of the space-time appearing in this problem.
The Lie group action

®:R%x MY > (b, 22:6,1,6,¢,p5, p', p?) > (E+ A1,1, (0 + A2) mod 27, ¢, p', p", p?) e MY,

describes symmetries of R and it is also three-cosymplectic Lie group action, namely, it leaves invariant T, ®, and their
polarisation V. Then, the restriction of ® to R3 reads

®3:RZxR33 (Mg, Ao t,7,0) > (A1 +£,7, (6 + Ay) mod 27) e R3,

and its space of orbits is diffeomorphic to R. Recall that the existence of such a Lie group action was proved in the proof
of Theorem 8.2. In fact, its space of fundamental vector fields is

o @
“\at’ 90
and the one-forms of (dr, dt, d9) vanishing on it are (dr). Hence, we have
T =dr, w=d: Adp".

Note that X' = (Xh, Xh Xh) and the HDW equations for X" are the same as before (up to a reparametrization of the indexes
of the variables in R3). Consider the submanifold S, in R? x EB(X: T*R given by

p'=x p’=k  A=0(u h9) €R?,
for two constants A, Ay € R, which projects onto R® diffeomorphically. Note that there exists a function
1 1 r?
k(r.¢,p") = > (k? - C—z(pr)2 - C—zkﬁ) —rsf@),
whose pull-back to R3 x @i 1 T*R matches the value of hons A
Note that D, namely the distribution spanned by the fundamental vector fields of ®, and ker T Nkerw = (3/9t, 3/06, 9/
apt,a/0p? ) is an integrable distribution. Moreover, R is a first- integral of the vector fields of ker7 N TR¥. Additionally, one

has that xh2 + xh3 xh2 + xh =0.
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Then, one obtains that the space of leaves of ®3 is diffeomorphic to R x T*R and one has a projection

3
Tt 0, php", p?) eR3 x @T*R — (1, ¢, p") e R x T*R.

a=1

The Lie brackets of each of the components of X" with vector fields of kerT Nker® also belong to the kernel of Trr and
one obtains an induced 1-cosymplectic structure

(R x T*R, dr,d¢ Adp").

In fact, this is the canonical cosymplectic structure in the reduced manifold. Then, the three-vector fields

¥ 0 At 0 50 pr 9 a 50 The 0
Xh=— 42— X T — 4rf)—, =— - —=—
7%t " roac 27 rac f()apr 37090 2 oc
project onto the quotient. The final HDW equations are
ap" il p’
— =rf(r), —=——.
or f@ or rc2

Combining these equations, the equation of a forced vibrating membrane in polar coordinates reads

These are the HDW equations obtained by assuming p? and p! to be constant in the initial HDW equations.
9. Conclusions and outlook

We have found that k-polycosymplectic manifolds are equivalent to k-polysymplectic manifolds of a particular type:
the here defined and analysed k-polysymplectic fibred manifolds. This relation is very interesting for studying geometric
properties and developing techniques to study polycosymplectic manifolds via polysymplectic geometry as it shows that
polycosymplectic geometry is a particular case of polysymplectic geometry. Despite that, the relation may have limited
interest in the study of their associated Hamiltonian systems. In particular, the equivalence relates manifolds of a different
dimension, which may turn a problem related to a Hamiltonian system in a k-polycosymplectic manifold into a harder one
in an associated k-polysymplectic fibred one of larger dimension. Notwithstanding, more research is necessary to determine
how far this equivalence can be effectively used to study dynamical systems (see [27] for similar investigations concerning
symplectic and cosymplectic Hamiltonian systems and geometries).

As a most relevant result, we have developed a k-polycosymplectic Marsden-Weinstein reduction procedure by proving
that it can be understood as a k-polysymplectic Marsden-Weinstein reduction. This seems to close a problem that has been
open for more than a decade now. Moreover, the k-polysymplectic reduction has been improved in several manners, e.g.
by skipping the standard Ad-invariance of the momentum maps, and studied in particular cases, e.g. for k-polysymplectic
fibred manifolds. Our k-polycosymplectic reduction has also been applied to physical problems. Although our work provides
a k-polycosymplectic reduction by means of an improved k-polysymplectic reduction, it is still interesting to perform a
k-polysymplectic reduction process without relying on a k-polysymplectic structure.

An interesting approach to k-polycosymplectic Marsden-Weinstein reductions, with other extension to k-polysymplectic
manifolds than ours, was published as a preprint in arXiv [30] a month after the first preprint version of our work (see arXiv:
2302.09037). So far, [30] seems to have not been published in any journal. Our work and [30] are rather complementary,
having different advantages. The results in [30] are less general than ours in the sense that, for instance, they do not include
our reductions in terms the space-time variables and we consider more general momentum maps. Notwithstanding, [30]
noticed that the conditions for the k-polysymplectic reduction in [49] can be simplified by using [6], which can easily be
included in our approach. The extension in [30] to k-polysymplectic manifolds seems to have some nice properties too, but
it is not strictly necessary for the reduction. We hope to investigate and to merge the best ideas of our work and [30] in
the future.

Finally, we have developed a k-cosymplectic to ¢-cosymplectic manifold reduction as well as a related reduction for
the HDW equations induced by a certain Hamiltonian function of the initial k-cosymplectic manifold. Our theory has been
illustrated by a vibrating membrane. It is worth noting that, as far as we know, this is the first geometric reduction theory
of k-cosymplectic manifolds that is able to reduce the base manifold of a field theory. In forthcoming works, we aim to
look for new applications of our theory. Our results have many potential applications, but it demands many technical,
but practical conditions. We aim to develop a more elegant and less technical description of our k-cosymplectic to ¢-
cosymplectic reduction for the HDW equations given in Theorem 8.2. Moreover, Theorem 8.2 can be generalised by assuming
different conditions on the projectability of X" or the components thereof. One of the ideas is to write conditions on
a restriction of the initial k-vector field X" or its components to S, or another submanifold. We expect to study these
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problems in detail in the future. Moreover, we aim to investigate the reconstruction process, i.e. to analyse how the solutions
of the reduced ¢-cosymplectic Hamiltonian problem on M, are related to the initial HDW equations on Mj.

Our main goal in the near future is to develop the Marsden-Weinstein multisymplectic reduction. In this sense, this paper
is a good starting point since there are previous studies [60] that allow us to relate k-polysymplectic and k-polycosymplectic
structures to multisymplectic structures in related manifolds. Therefore, the results of this paper are a key point to approach
the multisymplectic reduction.
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